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Introduction
Finite Element Method and fracture mechanics
The Finite Element Method has become one of the most powerful tools for mod-
eling a wide range of physical and engineering problems. It was originated from the
need to solve complex elasticity and structural analysis problems for civil engineer-
ing purposes. During the last decades, many computational finite element softwares
have been developed in order to explore the abilities and benefits of the method.
The development of the finite element method began with the works of A. Hren-
nikoff (1941) and R. Courant (1942) eventhough their approaches were different.
Meanwhile, the basic common idea was the discretization of a continuous domain
onto a set of subdomains. Then, other works of J. Argyris (in the 1950's) and R. W.
Clough (in the 1960's) contributed to the development of the finite element method.
The book of Zienkiewicz of 1976 and then, its re-editions, were the most important
factors behind the diffusion and the popularization of the method. Later, in the
1970's, the publication of G. Strang and G. Fix [SF73], the book of P. Ciarlet and
the works of I. Babuska provided the necessary rigorous mathematical framework for
the method. Since then, it was generalized to be applied in a wide variety of engi-
neering problems such as aeronautical problems, electromagnetism, fluid dynamics...
One of the important applications of the finite element method is the analysis
of fracture mechanics problems. The fracture mechanics were introduced by A. A.
Griffith during the World War I to explain the failure of brittle materials. The prob-
lem he faced was that the theoretical computations showed that the strain tensor
at the crack tip tends to infinity, which means that any crack will propagate and
any cracked material will fail even if its crack is tiny. Griffith introduced an energy
based theory to solve this problem. He assumed that the propagation of the crack
occurs when a surface energy increases and exceeds a given limit. Later, after almost
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twenty years, G. R. Irwin used Griffith theory and reformulated it in terms of stress.
He introduced the notion of the stress intensity factors.
Over the years, several finite element approaches had been developed to simu-
late and analyze crack related problems (stress concentration, stress intensity factors
computation, crack propagation...). These methods provided advantages and draw-
backs. The main drawback of classical finite element methods modeling cracks is
the need to have a mesh conform to the crack path. Which means that the crack
should be located at faces of mesh elements and the crack tip at a node of the mesh.
This leads to an inevitable remeshing with the growth of the crack. Moreover, in
order to obtain a better approximation, a refinement around the crack tip is required
because of the presence of a singular strain field at this point. Therefore, classical
finite element methods are very expensive for modeling cracks.
eXtended Finite Element Method
The disadvantages of classical finite element methods lead to the development of
new finite element techniques such as the meshless methods and the enriched finite
element methods. Inspired by PUFEM (see [MB96]), the eXtended Finite Element
Method was introduced by Moës et al. in 1999 (see [MDB99]). In XFEM, the singu-
lar and discontinuous displacement fields on a finite element of the mesh is simulated
by a special set of enriched shape functions, that allow an accurate approximation of
the displacement field. The presence of the crack is not geometrically modeled and
the mesh does not need to conform to the crack path. The degrees of freedom of the
classical method relative to the elements of the mesh totally cut by the crack are
enriched by an Heaviside type function. Moreover, the ones of the element contain-
ing the crack tip are enriched by some given singular functions generating the exact
asymptotic displacement. The discontinuous enrichment function takes into account
the geometry of the crack and the singular functions capture the displacement at
the crack tip.
The main advantage of the method is that any remeshing is not required when the
crack propagates neither when more cracks initiate. The singular enrichment leads
to a significant reduce of the error level. Since its introduction, many contributions,
aiming to explore the abilities of the methods, contributed to the developpement
and the improvement of XFEM and enlarged its application field.
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Since its introduction, many papers were achieved to discuss XFEM, improve its
performance and explore its abilities. The PhD thesis achieved by Dolbow in 1999
was a major step for XFEM that lead to the publication of several papers about the
method. These papers treated two-dimensional elasticity problems, with Mindlin-
Reissner plates and with fictional contact ([DMB00a, DMB00b, DMB01]).
An extension of XFEM to three-dimensional crack problems was done by Suku-
mar et al. in [SMMB00]. Other papers studied also XFEM with some 3D appli-
cations among them Areias et al. [AB05] and Gasser et al. [GH05, GH06]. Some
papers used the XFEM strategy with signed level-sets to localize the crack path and
the crack tip such as Stolarska et al. [?], Belytschko et al. [BMUP01], Moës et al.
[MGB02] and Gravouil et al. [GMB02]. Moreover, Béchet et al. [BMMB05] and
Laborde et al. [LRPS05] introduced an improvement allowing to have an optimal
convergence for XFEM approaches. In [BMMB05], the authors introduce also a
preconditioning technique to improve the conditioning of the resulting XFEM stiff-
ness matrix. The publication of Laborde et al. [LRPS05] and of Ventura [Ven06]
discussed also issues related to the numerical integration of the singular enrichment
functions. The performance and the mathematical analysis of some new XFEM type
methods were treated in Chahine et al. ([CLR06, CLRed, CLR08]).
Other contributions include Budyn et al. [BZMB04] and Zi et al. [ZSB+04]
studied the simulation of crack growth of multiple cracks. Moës et al. introduced in
[MBT06] an XFEM approach to impose Dirichlet boundary conditions while preserv-
ing the optimality. Cohesive cracks problem was the target of several other papers
for Moës et al. [MBch], Zi et al. [ZB03], Mergheim et al. [MKS05] and de Borst et
al. [dBRN04, dBGW+04, dBRNA04]. Furthermore, contact problems with XFEM
were tackled in Dolbow et al. [DMB01], Belytschko et al. [BDV02] and Khoei et al.
[KN06]. Some contributions, like Elguedj et al. [EGC06], introduced XFEM with
plastic enrichment terms and others treated XFEM with large deformations such as
Dolbow et al. [DD04]. Belytschko et al. [BCXZ03, BC04], Zi et al. [ZCXB05] and
Réthoré et al. [RGC05] used XFEM to model dynamic cracks. In addition, Bordas
et al. [BND+07, BM06, BCM+07], Wyart et al. [WCD+07, WCMP07, WDC+07]
and Xiao et al. [XK06] discussed various implementation issues. Finally, the recent
book of Mohamadi [Moh07] recalled the basic ideas of XFEM. It discussed also the
essential features and various aspects of the method.
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Thesis contribution
The aim of this thesis is to introduce some XFEM based methods. These meth-
ods improve the performance of the classical XFEM and extend its limits. In fact, it
allow to XFEM to model more complex problems where the singular displacement
expansion is too complicated or even unknown. We prove the first theoretical con-
vergence results for the introduced methods. These results are validated by various
numerical experiments.
Scope of the thesis
The first chapter recalls some basics about linear elasticity and the formulation
of the elasticity problem on a cracked domain. Then, we present briefly different en-
riched finite element approaches that were introduced to improve the performance of
classical methods such as the eXtended Finite Element Method. In the second part
of the chapter, the XFEM strategy is described and some numerical experiments are
performed showing and comparing the classical finite element method, the classical
XFEM and XFEM with fixed enrichment surface. We discuss through this part
also the performances and the drawbacks of each method. The classical XFEM,
while reducing the error level, does not improve the convergence rate compared to
a classical finite element method. This means that the classical XFEM does not
totally cancel the loss of accuracy due to the presence of the singular constraints.
Meanwhile, XFEM with fixed enrichment surface offers an optimal convergence but
increases the computational cost and degrades the conditioning of the associated
linear system.
The rest of the thesis can be divided in two parts of two chapters each. In the
first part (Chapter 2 and Chapter 3), we introduce two XFEM based approaches
that ameliorate the classical XFEM performances while using the exact singular-
ity as enrichment at the crack tip. The second part (Chapter 4 and Chapter 5) is
dedicated to the analysis of two other new XFEM type methods that extend the
application field of the classical XFEM to model more complex problems. This is
achieved by using approximations of the asymptotic displacement field at the crack
tip as singular enrichment.
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In Chapter 2, we introduce the XFEM with cut-off function. The idea of this
strategy is to localize the singular enrichment on a given surface by using a cut-off
function. We prove an optimal convergence result for this method and we per-
form some numerical tests to compare it to the original XFEM with enrichment
surface. The proposed enrichment strategy reduces the computational cost of the
latter method and keeps the optimal convergence. Furthermore, the generalized
enrichment with the cut-off function improves significantly the conditioning of the
system.
The third chapter is dedicated to the introduction and the analysis of a non-
conformal XFEM approach: XFEM with integral matching. This method replaces
the transition layer between the enriched and the non-enriched area by an integral
matching condition. This layer degrades the approximation accuracy when using
the classical XFEM with surface enrichment or XFEM with a cut-off function. The
theoretical analysis proves that this method leads to an optimal convergence. This is
validated by some numerical results showing also that XFEM with integral matching
diminish the error of XFEM with a cut-off function and the classical XFEM with
enrichment surface. Moreover, the integral matching method reduces the computa-
tional cost of the latter method and improves its conditioning.
Chapter 4 introduces the Spider XFEM. Denoting r and θ the polar coordinates
with respect to the crack tip, the Spider XFEM uses a singular enrichment where
the dependency in θ of the asymptotic displacement is approximated by a classical
finite element method defined on a "circular" mesh (the spider mesh). The method
reduces the number of enrichment functions, which decreases the computational cost
for complex problems. It can be used also when the exact singularity is partially un-
known. A mathematical result of optimal convergence is obtained for this approach
under some condition on the spider mesh parameter. This is illustrated by some
numerical tests.
Finally, in Chapter 5, we present the Reduced Basis enrichment XFEM (RB-
XFEM). This method allows to extend the use of XFEM to problems where the
exact singularity is completely unknown. The idea is to use pre-computed functions
obtained using a classical finite element method on a very refined mesh. These func-
tions should contain large information about the singularity. They are computed
once and then used as singular enrichment within framework of XFEM. We prove
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the optimal convergence of the method under some conditions on the pre-computed
functions and the mesh parameter of the refined mesh. We perform some numerical
tests that show the performance of the method.
Chapter 1
Cracked elastic domain and extended
finite element methods
1.1 Introduction
We recall in this chapter the elasticity equilibrium equations and the associated weak
formulation defined on a cracked domain. The presence of a crack in the studied
domain leads to a singular solution at the crack tip. The asymptotic expansion
of this singular solution depends on the material properties and on the boundary
conditions applied to the crack sides.
The finite element method is a widely used method to approximate the behavior
of the displacement field on such cracked domains. However, the capabilities of the
classical finite element methods reach their limits due to the presence of a singularity
at the crack tip. Different approaches had been introduced these last fifteen years
to overcome these limits. We recall in this chapter the Partition of Unity Finite
Element Method (PUFEM), introduced in [MB96] and [MB97], and some enriched
finite element approaches like the Generalized Finite Element Method (GFEM), the
Arlequin Method , the patches approach and the eXtended Finite Element Method
(XFEM).
Since in the present work we are mainly interested in the XFEM approach, we
recall in this chapter the ideas and the strategy of the XFEM enrichment. Then,
we write the XFEM discretized linear system associated to the weak formulation of
the elasticity problem for a cracked domain. Finally, we perform some numerical
18 CHAPTER 1. CRACKED ELASTIC DOMAIN AND XFEM
experiments to illustrate the performance of the classical XFEM and XFEM with
surface enrichment.
1.2 Elasticity problem in cracked domains
1.2.1 Hooke's law
We recall some notions about the 2D linear elasticity plane stress model. Let Ω be
a two-dimensional domain and ϕ(Ω) the deformed domain. Let also
u(x) = ϕ(x)− x, x ∈ Ω, (1.1)
be the displacement field. Within the framework of linear elasticity, the displacement
field u = (u1, u2) satisfies (i, j ∈ {1, 2})
|u| << 1, |∂ui
∂xj
| << 1. (1.2)
The linearized strain tensor is defined by (i, j ∈ {1, 2})
ε(u) = (εij)i,j, (1.3)
where
εij =
1
2
(
∂ui
∂xj
+
∂uj
∂xi
). (1.4)
The stress tensor σ is then defined such that
σn = t, (1.5)
where n is a unit vector and t the stress vector into the direction n at a given point.
Let div σ be the vector given by
div σ = (divi σ)i with divi σ =
∑
j
∂σij
∂xj
. (1.6)
Denoting λ and µ the Lamé coefficients, the Hooke's law can be written
σ = λ∗(tr ε)I + 2µε = Dε, (1.7)
where ε = ε(u) stands for the linearized strain tensor, tr ε the trace of ε, I the 2× 2
identity tensor,
λ∗ =
2λµ
λ+ 2µ
, (1.8)
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and D the resulting linear operator. Henceforward, the coefficient λ∗ will be denoted
λ in order to simplify the notations.
The Fröbenius inner product M : N between two symmetric tensors M and N
is defined by
M : N =
∑
i,j
MijNij. (1.9)
Then the corresponding norm is given by
|M | =
(∑
i,j
M2ij
)1/2
. (1.10)
Since λ and µ are positive numbers (from experimental evidences) one can verify
that there exists β > 0 such that (ellipticity of D)
σ : ε = Dε : ε ≥ β|ε|2, ∀ε symmetric tensor of 2nd order. (1.11)
In order to easily handle the strain and stress tensors, we consider the vector
representation
{ε} =
 ε11ε22
2ε12
 , (1.12)
and
{σ} =
 σ11σ22
σ12
 . (1.13)
Then we have
σ : ε = {ε}T{σ}, (1.14)
where MT stands for the transposed matrix of M . Let also H be the 3×3 Hooke
matrix defined such that
{Dε} = H{ε}, (1.15)
i.e.
H =
 λ+ 2µ λ 0λ λ+ 2µ 0
0 0 2µ
 .
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1.2.2 The elasticity problem in cracked domains
The domain Ω is assumed to be cracked, ΓC denoting the crack. Let Γ be the
boundary of Ω. We consider that Γ \ ΓC is partitionned into ΓN and ΓD where are
applied a Neumann surface force f and a Dirichlet condition (u = d) respectively.
We assume having a traction free condition on ΓC (see Figure 1.1).
Figure 1.1: The cracked domain.
The equation of motion is given by
div σ + g = ρ∂
2u
∂t2
in Ω, (1.16)
where ρ denotes the density and g the body forces applied to Ω. The equilibrium
equation reduces to
−div σ = g in Ω. (1.17)
The considered boundary conditions lead to
u = d on ΓD, (1.18)
σn = f on ΓN . (1.19)
Finally, the elasticity problem can be summarized as follows
σ = Dε(u) in Ω, (1.20a)
−div σ = g in Ω, (1.20b)
u = d on ΓD, (1.20c)
σn = f on ΓN , (1.20d)
where g, d and f are some given data.
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1.2.3 Weak formulation
Existence and uniqueness
Let us define the space H1(Ω) by
H1(Ω) = H1(Ω,R2), (1.21)
where H1(Ω) denotes the classical Sobolev space. Let also Uad be the space of
admissible displacements given by
Uad = {u ∈ H1(Ω) : u = d on ΓD}. (1.22)
Multiplying equation (1.20b) by (v − u), v ∈ Uad, and integrating on Ω leads to
−
∫
Ω
div σ · (v − u) dx =
∫
Ω
g · (v − u) dx. (1.23)
Using the Green's formula for elasticity (see Appendix), we obtain∫
Ω
σ : ε(v − u) dx =
∫
Ω
g · (v − u) dx+
∫
∂Ω
σn · (v − u) dΓ. (1.24)
Taking into account the boundary conditions (1.20c) and (1.20d), the previous equa-
tion reads for all v ∈ Uad:∫
Ω
σ : ε(v − u) dx =
∫
Ω
g · (v − u) dx+
∫
ΓN
f · (v − u) dΓ. (1.25)
Thus, replacing σ by its value given in (1.20a), the weak formulation of Problem
(1.20) can be written (see [Duv90])
Find u ∈ Uad such that a(u, v − u) = L(v − u) ∀v ∈ Uad, (1.26)
where
a(u, v) =
∫
Ω
Dε(u) : ε(v) dx, (1.27)
and
L(v) =
∫
Ω
g · v dx+
∫
ΓN
f · v dΓ. (1.28)
Problem (1.20) and the associated weak formulation (1.26) are "formally" equiva-
lent. For f ∈ L2(ΓN) and g ∈ L2(Ω), the existence and uniqueness of the solution
to equation (1.26) are given by Lax-Milgram's lemma thanks to Korn's inequality
which implies the coerciveness of a(u, v) (see Appendix).
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Cracked domain
When the given body forces are sufficiently smooth, say g ∈ Hm(ωc), ωc denoting a
neighborhood around the crack tip and m ≥ 0, the displacement field can be written
as a sum of a singular part us and a regular one in Ω satisfying
u−
m∑
n=0
r1/2+n(c1nw
1
n + c
2
nw
2
n) ∈ Hm+2+²(ωc), (1.29)
for a fixed ² > 0, where r is the distance to the crack tip (see [Gri85], [Gri86] and
[Gri92]). For the definition of Hs(Ω), s ∈ R, one can see [LM] or [Ada75]. The
normal (resp. tangential) component of the functions w1n (resp. w2n) is discontinuous
along the crack. For n = 0, the scalars c1n and c2n (resp. the vector fields w1n and w2n)
correspond to the stress intensity factors KI and KII (resp. the I and II fracture
modes uI and uII) for a two-dimensional crack. These two modes are given in polar
coordinates relatively to the crack tip by (see Figure 1.2)
uI =
1
E
√
r
2pi
(1 + ν)
(
cos θ
2
(δ − cos θ)
sin θ
2
(δ − cos θ)
)
, (1.30)
uII =
1
E
√
r
2pi
(1 + ν)
(
sin θ
2
(δ + 2 + cos θ)
cos θ
2
(δ − 2 + cos θ)
)
, (1.31)
where ν denotes the Poisson ratio, E the Young modulus, δ = 3− 4ν in the plane
stress problem and (r, θ) the polar coordinates with respect to the crack tip shown
in Figure 1.2 (see [LC94, Leb03]). Note that uI and uII belong to H3/2−η(Ω), ∀η > 0
(see [Gri92]).
2
r
G
c
Cracktip
Figure 1.2: Polar coordinates with respect to the crack tip.
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1.3 Enriched finite element methods
1.3.1 The principles
The first ideas of the finite element method had been introduced in the early for-
ties by A. Hrennikoff and R. Courant and went through several mathematical and
practical development steps since then. Nowadays, the finite element method is a
standard tool for solving partial differential equations, and thus for many industrial
computer simulations.
When using finite element methods, the error between the discrete and the exact
solution depends essentially on the mesh and on the regularity of the exact solution.
The more the mesh is refined, the more the computed solution approaches the exact
one while the computational cost increases. In the same time, an eventual irreg-
ularity in the structure geometry to be modeled can lead to a singular analytical
solution. The terminology "singular" stands here for an infinite value of the strain
and stress. In this case the mesh should be extremely refined near non-smooth areas
in order to obtain an acceptable approximation.
The presence of a crack in a given domain leads to a singular solution at the
crack tip and to a discontinuous one along the crack sides. With classical finite
element methods, the mesh of such a domain should follow the crack path and have
a node on the crack tip in order to model the discontinuity. It should also be re-
fined to capture the singular displacement field. Moreover, the domain should be
remeshed every time the crack propagates, which leads to a large computational cost.
In order to bypass these difficulties, many approaches had been developed such
as multiscale methods, meshless or meshfree methods, enriched finite element meth-
ods, etc. we will be more particulary interested in the latter ones. We will explain
nevertheless the main ideas of some of these methods.
1.3.2 The partition of unity finite element method
Introduced by Melenk and Babusˇka in [MB96] and [MB97], the Partition of Unity
Finite Element Method (PUFEM) offers a mathematical general framework. The
idea is to construct a global conforming finite element space, the PUFEM space (say
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in H1(Ω) for example) from some local approximation subspaces (say H1(Ωi), where
(Ωi)i is an open cover of Ω) using a partition of unity defined on Ω. This partition
of unity is the necessary tool to preserve the conformity of the resulting space and
the continuity of the displacement field. The authors prove that the PUFEM space
inherits the approximation properties of the local spaces.
1.3.3 Generalized finite element method
Within the PUFEM framework, the Generalized Finite Element Method GFEM was
introduced by Strouboulis, Babuska and Copps in [SBC00a] and [SBC00b]. In a
sense, the GFEM is a direct application of PUFEM. It consists in adding locally a
set of special functions given either by a set of polynomials, an asymptotic expansion,
or some pre-computed numerical functions using a local partition of unity. These
functions, that contain information about the local behavior of the solution, are
added on the elements where one needs to obtain a better approximation. Mean-
while, the implementation of GFEM reveals some difficulties: the possible linear
dependencies between the special functions and the finite element basis and the ne-
cessity to use special adapted integration schemes to reduce the integration error of
the enrichment functions.
1.3.4 The Arlequin method
The Arlequin method is a multi-scale finite element method that was introduced
in 1998 by Ben Dhia in [Dhi98] and [Dhi99]. This approach is based on a special
formulation that allows the superposition of different mechanical models by consid-
ering a weak junction condition in the overlapping areas. Then, with the Arlequin
method, many computations on different scales can be performed in order to obtain
a better approximation on some critical areas such as areas containing a singularity.
Moreover, the choice of the local domains is flexible, they can be totally or partially
covered by each other. The author proved an optimal convergence result for this
method.
1.3.5 The patches approach
Within the framework of the enriched finite element methods, another approach
was introduced by Glowinski, He, Rappaz and Wagner in 2003: the finite element
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approximation using patches of elements (see [GHRW03]). This method is a multi-
scale method that uses different levels of not necessarily nested grids. The idea is
to calculate corrections to the solution in patches that overlap the areas of a coarse
mesh, where a better approximation of the solution is needed.
This is a non-conformal method since the patches are not necessarily nested
in the initial coarse mesh. Therefore, a domain decomposition technique is used
to bond the patches and the coarse mesh. Moreover, one notices that there exist
not a resulting finite element space for the whole approximation. Therefore, the
authors introduce in [GHRW03] a special iterative algorithm that can deal with
a such case. Another difficulty of the approach is the possible presence of some
linear dependencies between the shape functions of the patch and the ones of the
coarse mesh finite element method. A recent work of He, Lozinski and Rappaz
(see [HLR07]) showed that this could be solved and even, a better convergence
rate can be obtained, when the finite element functions of the overlapped area are
chosen as being approximately harmonic functions. In order to exploit this method,
other works were achieved illustrating practical and industrial numerical experiments
for problems whose solutions may present strong variations, singularities... (see
[GHL+05] and [RLP+07]). The main interest of a such approach is the possibility
to deal with cases when the exact analytic behavior of the solution is unknown.
1.3.6 Extended finite element method
A general framework for the enriched finite element methods
The main goal of enriched finite element methods is to obtain locally a better approx-
imation of a solution without having to refine the mesh. This can be accomplished
by modifying the classical finite element basis. More precisely, the finite element
space is enriched with some special functions that describe the local behavior of the
solution. This behavior can be very oscillatory or singular...
Consequently, the discrete approximation space Vh can be written as a sum of
the classical finite element space V h and the so-called enrichment space Eh as follows
Vh = V h + Eh. (1.32)
Thus, the discrete solution to the model problem should be written
uh = wh + eh, (1.33)
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where uh ∈ Vh, wh ∈ V h and eh ∈ Eh. This enriched space is subjected to some
constraints.
• The enriched solution (1.33) should remain continuous across the mesh ele-
ments. In other words the enrichment should preserve the continuity of the
solution.
• Adapted integration methods should be used to take into account discontinu-
ities and singularities.
• Linear dependency between the enrichment functions and the classical finite
element basis should be avoided.
Discrete variationnal formulation
The eXtended Finite Element Method was introduced by Moës, Dolbow and Be-
lytschko in [MDB99] and [MB99] to model initially domains with discontinuities
(cracks, holes...). As mentioned above, the presence of a crack in a domain means
the presence of a singularity at the crack tip and a discontinuity along the crack.
Using the classical finite element methods, one should refine the mesh to have a good
approximation near the crack tip and update the mesh to follow the crack propaga-
tion. The main idea of XFEM is to use an enriched finite element space in a way
to allow the use of a mesh independent of the crack path. This is accomplished by
first defining a classical finite element method on a mesh of the non-cracked domain.
Then, the classical finite element space is enriched by a step function and some other
singular functions.
The nodes whose the corresponding shape function support is totally cut by the
crack, are enriched by an Heaviside function defined by (see Figure 1.3)
H(x) =
 +1 if (x− x
∗) · n ≥ 0,
−1 elsewhere,
(1.34)
where x∗ denotes the crack tip and n is a given outward unit normal to the crack.
This latter definition means that H(x) = 1 if x is located on one side of the crack
and H(x) = −1 on the other side.
Furthermore, the nodes whose the corresponding shape function support contains
the crack tip (the nodes of the element containing the crack tip) are enriched by some
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Nodesenriched by the step function
Nodes enriched by the singular functions
crack
Figure 1.3: XFEM enrichment strategy.
given singular functions that can model the singular behavior of the displacement
field at the crack tip (see Figure 1.3). For an isotropic homogenous material, these
functions are derived from (1.30) and (1.31) by
{Fj(x)}1≤j≤4 =
{ √
r sin
θ
2
,
√
r cos
θ
2
,
√
r sin
θ
2
sin θ,
√
r cos
θ
2
sin θ
}
. (1.35)
Note that the third singular function F3 is the only enrichment function which is
discontinuous across the crack. Thus, the discontinuity of the displacement field
at θ = ±pi in the singular enrichment zone is only modeled by F3 on the element
containing the crack tip.
Let us consider a finite element mesh of the non-cracked domain, h being the
mesh parameter. In the XFEM case, the space V h is a classical finite element space
given by
V h =
{
wh : wh =
∑
i∈I
akϕi; ai ∈ R2
}
, (1.36)
where I is the set of node indices of the classical finite element method and ϕi the
scalar shape functions of the chosen finite element method associated to the nodes
that does not belong to ΓD. Furthermore, the enrichment space Eh associated to
XFEM can be written
Eh =
{
eh : eh =
∑
i∈IH
biHψi +
∑
i∈IF
4∑
j=1
cijFjψi; bi, cij ∈ R2
}
, (1.37)
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where IH (resp. IF ) is the set of node indices enriched by the function H (resp. the
functions Fj) and ψi the scalar shape functions associated to the first degree finite
element method. Consequently, the XFEM enriched space can be written
Vh =
{
vh =
∑
i∈I
aiϕi +
∑
i∈IH
biHψi +
∑
i∈IF
4∑
j=1
cijFjψi; ai, bi, cij ∈ R2
}
. (1.38)
Remark. The dimension of the associated linear system increases by
2
[
Card(IH) + 4Card(IF )
]
,
with respect to a classical finite element method. For each component of the dis-
placement, a degree of freedom is added for each node of IH and four others for each
node of IF . ¤
For the sake of simplicity, we assume that the Dirichlet condition on the boundary
ΓD is homogenous, thus
V = {u ∈ H1(Ω) : u = 0 on ΓD}. (1.39)
The elasticity weak formulation can be written
Find u ∈ V such that a(u, v) = L(v) ∀v ∈ V . (1.40)
Then the XFEM discrete problem can be written
Find uh ∈ Vh such that a(uh, vh) = L(vh) ∀vh ∈ Vh. (1.41)
The XFEM linear system
We denote φk the vector shape functions associated to the chosen finite element
method then
φk =
(
ϕi
0
)
when k is even such that i = k + 1
2
,
and
φk =
(
0
ϕi
)
when k is odd such that i = k
2
.
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Nodesenriched by the step functions
Nodes enriched by the singular functions
crack
Adapted integration refinement
Figure 1.4: Local triangle splitting for XFEM adapted integration rules.
We consider the same notations for the vector shape functions Ψk associated to the
first degree finite element method. Using the latter notations, the solution uh to
Problem (1.41) can be written
uh =
∑
i∈I
αkφ
k +
∑
i∈IH
βkHΨ
k +
∑
i∈IF
4∑
j=1
γkjFjΨ
k, (1.42)
where αk, βk, γkj are scalars. By putting vh = φl in (1.41) for all l, we obtain
a(uh, φl) = L(φl), (1.43)
it follows∑
i∈I
αk
∫
Ω
Dε(φk) : ε(φl) dx+
∑
i∈IH
βk
∫
Ω
Dε(Hφk) : ε(φl) dx +
∑
i∈IF
4∑
j=1
γkj
∫
Ω
Dε(Fjφ
k) : ε(φl) dx =
∫
Ω
g · φl dx+
∫
ΓN
f · φl ds.
(1.44)
Using the notations (1.14) and (1.15), the latter reads∑
i∈I
αk
∫
Ω
{ε(φl)}TH{ε(φk)} dx+
∑
i∈IH
βk
∫
Ω
{ε(φl)}TH{ε(Hφk)} dx +
∑
i∈IF
4∑
j=1
γkj
∫
Ω
{ε(φl)}TH{ε(Fjφk)} dx =
∫
Ω
g · φl dx+
∫
ΓN
f · φl ds.
(1.45)
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By repeating the same procedure for vh = Hφl and vh = Fjφl for all l and j, we
obtain analogous equations. Denoting x = x1 and y = x2, let
B =

∂ϕi
∂x
0
· · · 0 ∂ϕi
∂y
· · ·
∂ϕi
∂y
∂ϕi
∂x

i∈I
,
BH =

∂Hϕi
∂x
0
· · · 0 ∂Hϕi
∂y
· · ·
∂Hϕi
∂y
∂Hϕi
∂x

i∈IH
,
and
BF =

∂Fjϕi
∂x
0
· · · 0 ∂Fjϕi
∂y
· · ·
∂Fjϕi
∂y
∂Fjϕi
∂x

i∈IF , j=1,..,4
.
The system (1.45) can be written[ ∫
Ω
BTHB dx
]
U = F , (1.46)
where
B = [B,BH , BF ] , (1.47)
U =

...
αk
...
βk
...
γkj
...

, (1.48)
and
F =

...∫
Ω
g · φl + ∫
ΓN
f · φl dx
...∫
Ω
g ·Hφl + ∫
ΓN
f ·Hφl dx
...∫
Ω
g · Fjφl +
∫
ΓN
f · Fjφl dx
...

. (1.49)
1.3. ENRICHED FINITE ELEMENT METHODS 31
Figure 1.5: Transformation of a quadrature rule on a square into a quadrature rule
on a triangle for crack tip functions.
Numerical integration: the polar integration method
When assembling the stiffness matrix associated to an XFEM approach, one has to
perform a special numerical integration method for two type of triangles: triangles
cut by the crack and the triangle containing the crack tip. This is necessary since
a classical method does not take the presence of the crack into account, which de-
grades the quality of the quadrature rule.
For the first type of triangles, a simple splitting into subtriangles according to the
crack path is sufficient to capture the discontinuity (see Figure 1.4). On the other
hand, the same strategy applied to the triangle containing the crack tip leads to poor
results because of the presence of the singular enrichment functions. Meanwhile, one
can refine until a good approximation is obtained, but this is very expensive since a
very large number of integration points may be needed.
In [LRPS05], a so-called polar integration method was introduced and analyzed.
This methods allows to obtain excellent numerical results without refining and in-
creasing significantly the computational cost. In fact, the idea is to use polar coor-
dinates to compute the following integral∫
K
∇Fjψk∇Fkψl dx (1.50)
which cancels the r−1/2 singularity. Then, using the following geometric transforma-
tion
τ =
(
x1
x2
)
=
(
x1x2
x2
)
, (1.51)
which maps the unit square onto a triangle (see Figure 1.5), one builds an adapted
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Figure 1.6: Comparison of numerical integration methods for non-smooth func-
tions: uniform refinement with order 3 or 10 Gaussian method, and polar integration
[LRPS05].
quadrature rule using the one defined on the square. The new integration points ξ
and weights η are then defined using the original ones ξ and η by
ξ = τ(ξ),
η = ηDet(∇τ). (1.52)
Applying the latter method to the subtriangles (obtained after a simple splitting
procedure) having the crack tip as a vertex and using a classical Gaussian quadrature
rule on the other subtriangles leads to excellent results with a low cost as shown in
Figure 1.6 (see [LRPS05]). This figure presents a comparison between the relative
error of the refinement integration approach and the polar integration method for
the computation of the elementary matrix with respect to a reference matrix. This
latter is computed on a very refined subdivision near the crack tip. This shows
that the polar integration approach offers an important gain. In practice, 25 Gauss
points were enough for the most accurate convergence test that was done with the
refined strategy.
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Figure 1.7: A structured triangulation of Ω.
Figure 1.8: Deformation of the cracked domain for a mode I and a mode II problem.
Numerical experiments
The studied cracked domain is defined by the cracked square
Ω =]− 0.5; 0.5[×]− 0.5; 0.5[\ΓC ,
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Figure 1.9: H1-error with respect to the number of cells in each direction for a mode
I problem with enriched Pk elements (logarithmic scales) [LRPS05].
where
ΓC = [−0.5; 0]× {0},
denotes the crack. The fracture mode I (resp. mode II) exact displacement field
is prescribed as a Dirichlet condition on the external boundary of Ω for the first
numerical test (resp. for the second one). Let Pk be the space of polynomials in two
variables of degree k with respect to each variable. We consider a Pk finite element
method on a regular family of triangulations of Ω (in the sense of Ciarlet [Cia78]).
The numerical computations are achieved using GETFEM++, an object oriented
C++ finite element library (see [RPem]).
Figure 1.7 shows the structured mesh defined on Ω and the crack ΓC . Figure 1.8
shows the deformation of the cracked domain corresponding to the opening mode
and the shear mode).
Figures 1.9 and 1.10 show a comparison between the H1-norm error convergence
curves for a classical finite element method and XFEM with respect to ns, the
number of cells in each direction (ns = 1/h). The error values are significantly
reduced with XFEM. This is expected since the classical finite element basis is
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Figure 1.10: H1-error with respect to the number of cells in each direction for a mode
II problem with enriched Pk elements (logarithmic scales) [LRPS05].
enriched by the exact singular solution. On the other hand, the convergence rate of
XFEM is equal to the convergence rate of the classical method. It remains equal to
1/2 for P1, P2 and P3 elements (see [LRPS05]), although, one could expect that the
convergence rate increases when using an enriched space. An analysis of this lack
of convergence was done in [LRPS05]. One of the reasons is that the area enriched
by singular functions becomes smaller and smaller when the mesh parameter goes
to 0. Moreover, in the definition of XFEM, the Heaviside function is added to the
space via P1 shape functions. This can affect the convergence rate when using a Pk
method, k > 1.
1.3.7 XFEM with fixed enrichment area
Discrete space
In order to improve the convergence rate of the classical XFEM, a variant, the XFEM
with fixed enrichment area, was introduced in parallel in [LRPS05] and [BMMB05].
The idea is to enrich by the singular functions all the degrees of freedom contained
in a whole area around the crack tip. This area is chosen independently of the mesh
parameter. The enriched space associated to XFEM with fixed enrichment surface
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Figure 1.11: A structured triangulation of Ω and enrichment strategy.
can be written
Vh =
vh =∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
∑
i∈I(R)
4∑
j=1
cijFjψi; ai, bi, cij ∈ R2
 , (1.53)
where I(R) denotes the set of degrees of freedom contained in the ball B(x∗, R) (see
Figure 1.11).
Numerical experiments
The following numerical test is obtained for a structured triangulation of the same
cracked domain considered in the previous section. Figure 1.11 shows the mesh
and the enriched degrees of freedom for the XFEM with surface enrichment when
R = 0.2. The Von Mises level-set curves for a P1 XFEM method are shown in Figure
1.12.
Figure 1.13 (see [LRPS05]) shows the error convergence curves of a mode I prob-
lem for the H1-norm using different Pk methods. The studied variant of XFEM
reduces the errors with respect to the classical XFEM and improves the convergence
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Figure 1.12: Von Mises stress for a mode I problem using P1 elements with the fixed
enrichment area XFEM.
rate (compare with Figure 1.9). In fact, one gains an optimal convergence (of order
h for the H1-norm with a P1 method). In addition, Figure 1.14 (see [LRPS05])
shows that the conditioning of the associated linear system becomes higher when
the number of degrees of freedom increases. This is due to the linear dependence
that exists between the singular enrichment functions (see [LRPS05]).
Moreover, XFEM with enrichment surface is an expensive strategy since a large
number of degrees of freedom is enriched by the singular functions. Table 1.1 shows
the growth of the computational cost when the mesh parameter goes to 0.
Figure 1.15 shows the error map between the XFEM solution and the exact
one for a mode I problem. One notices that the maximum error is distributed at
the crack tip and at the boundary of the enrichment area. Figure 1.16 shows the
variation of the error along the vertical line x = 0.1. The two peaks correspond
to the transition layer, the elements at the boundary of the enrichment area, i.e.
the elements partially enriched by the singular functions. The cost of the strategy,
the increase of the conditioning and the transition layer issue will be discussed and
treated in the XFEM variants studied in the following chapters.
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Figure 1.13: H1-error with respect to the number of cells in each direction for a mode
I problem with enriched Pk elements (logarithmic scales) [LRPS05].
Concluding remarks
The first numerical results of XFEM are very promising. Meanwhile, some draw-
backs were pointed out and discussed such as the lack of convergence of the classical
XFEM and the high computational cost and the bad conditioning of XFEM with en-
richment surface. Moreover, the mathematical analysis of convergence of the XFEM
approaches remains an open problem. The following chapters introduce some XFEM
type methods to deal with these difficulties while keeping an optimal convergence.
We prove mathematical results of convergence for these methods.
Table 1.1: Number of degrees of freedom.
Number of cells Classical FEM XFEM fixed enrichment area
in each direction (enrichment radius = 0.2)
15 540 796
35 2660 3908
65 8840 13160
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Figure 1.14: Condition number for a mode I problem: comparison between the clas-
sical XFEM and XFEM with fixed enrichment area [LRPS05].
Figure 1.15: Error map between the XFEM with enrichment area solution and the
exact mode I solution on the deformed geometry.
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Figure 1.16: Error between the XFEM with enrichment area solution and the exact
mode I solution on the vertical line x = 0.1.
Chapter 2
XFEM with a cut-off function
2.1 Introduction
Since the introduction of XFEM, many contributions aimed to explore the capabil-
ities of the method and to improve its accuracy. Let us recall more precisely the
variant considered in the previous chapter, the XFEM with fixed enrichment area
which allows to obtain an optimal convergence rate for XFEM. This method has
two essential drawbacks: it is expensive since the number of enrichment functions
increases with the refinement of the mesh. Moreover, it deteriorates the condition-
ing of the associated linear system because of the linear dependence between the
singular enrichment functions (see Chapter 1).
The following chapter is dedicated to the analysis of another variant of XFEM:
XFEM with a cut-off function. This method gives optimal convergence results with-
out increasing significantly the computational cost and without degrading the con-
dition number. This is done by using a cut-off function to localize the singular
enrichment area. Let us note that in 1973, a non-smooth enrichment method using
a cut-off function for a mesh dependent on the domain geometry was introduced in
[SF73]. One of the difficulties of the proposed variant is the mathematical analysis of
the coupling between the two types of enrichment. The mathematical convergence
result was announced in [CLR06] and this chapter was accepted for publication (see
[CLRed]). To prove the error estimate, the domain Ω is split into two subdomains
and an interpolation operator is defined using an extension operator on each sub-
domain. Then, we obtain a quasi-optimal rate of convergence by means of this
interpolation operator considered on every type of triangles: triangle containing the
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crack tip and triangles partially or totally enriched with the discontinuous function.
These results are validated by some numerical experiments including a comparison
with a non-enriched method and XFEM with surface enrichment. These results
show an optimal rate of convergence, a low computational cost and a satisfactory
conditioning.
2.2 The model problem
Let Ω be a bounded cracked domain in R2; the crack ΓC is assumed to be straight.
We consider the linear elasticity problem on this domain for an isotropic material.
The boundary of Ω, denoted ∂Ω, is partitioned into ΓD where a Dirichlet condition
is prescribed, ΓN with a Neumann condition and ΓC (the crack) where a traction
free condition is considered (Figure 2.1).
Figure 2.1: The cracked domain Ω.
Let V = {v ∈ H1(Ω) : v = 0 on ΓD} be the space of admissible displacements
and
a(u, v) =
∫
Ω
Dε(u) : ε(v) dx, (2.1)
L(v) =
∫
Ω
g · v dx+
∫
ΓN
f · v dΓ (2.2)
where D is the operator of elastic coefficients, ε(u) is the linearized strain tensor, g
and f are some given force densities on Ω and ΓN respectively, and λ > 0, µ > 0 are
the Lamé coefficients. To simplify the mathematical analysis, we consider a homo-
geneous Dirichlet boundary condition on ΓD. The extension to a non-homogeneous
condition is straightforward. The problem can be written
Find u ∈ V such that a(u, v) = L(v) ∀v ∈ V . (2.3)
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Figure 2.2: Polar coordinates respectively to the crack tip.
We suppose that the non-cracked domain Ω has a regular boundary and g and f are
smooth enough to let the solution u of the elasticity problem be written as a sum of
a singular part us and a regular part u− us in Ω (see [Gri92, Gri86]) satisfying for
a fixed ² > 0:
u− us = u − (KIuI +KIIuII) ∈ H2+²(Ω), (2.4)
where KI and KII denote the stress intensity factors (see [LM, Ada75] for the def-
inition of Hs(Ω), s ∈ R). The asymptotic displacement at the crack tip is defined
from functions uI and uII , respectively the opening mode and the sliding mode for
a two-dimensional crack given in polar coordinates by (see [LC94, Leb03]):
uI(r, θ) =
1
E
√
r
2pi
(1 + ν)
(
cos θ
2
(δ − cos θ)
sin θ
2
(δ − cos θ)
)
, (2.5)
uII(r, θ) =
1
E
√
r
2pi
(1 + ν)
(
sin θ
2
(δ + 2 + cos θ)
cos θ
2
(2− δ − cos θ)
)
, (2.6)
where ν denotes the Poisson ratio, E the Young modulus, δ = 3 − 4ν in the plane
stress problem and (r, θ) the polar coordinates respectively to the crack tip (Figure
2.2). Note that the normal (resp. tangential) component of function uI (resp. uII)
is discontinuous along the crack. Moreover, uI and uII belong to H3/2−η(Ω), ∀η > 0
(see [Gri92]) which limits the order of the convergence rate of the classical finite
element method to h1/2 (see Chapter 1).
Note that if the boundary of the non-cracked domain have some additional cor-
ners, non-smooth displacements may appear at theses corners. This can be taken
into account by adding more enrichment to the XFEM approach.
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Figure 2.3: Cut-off function example for r0 = 0.5 and r1 = 0.8.
2.3 Discrete problem
We recall from Chapter 1 the singular enrichment functions given in polar coordi-
nates:
{Fj(x)}1≤j≤4 =
{√
r sin
θ
2
,
√
r cos
θ
2
,
√
r sin
θ
2
sin θ,
√
r cos
θ
2
sin θ
}
. (2.7)
Let us point out that
Fj ∈ H3/2−η(Ω), ∀η > 0, j = 1, .., 4. (2.8)
In the following, we use the fact that
Fj ∈ C2(Ω \ {x∗}). (2.9)
For the model problem, we consider a Lagrange finite element method of first
order defined on a regular family of triangulations Th (in the sense of Ciarlet [Cia78])
of the non-cracked domain Ω. The piecewise P1 basis functions are denoted ϕi (P1
is the set of first degree polynomials). In the proposed variant of XFEM, we intend
to enrich a whole area around the crack tip by using a cut-off function denoted χ.
The XFEM enriched space of this variant is then
Vh =
{
vh : vh =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
4∑
j=1
cjFjχ; ai, bi, cj ∈ R2
}
, (2.10)
where
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Figure 2.4: Enrichment strategy.
• h is the mesh parameter,
• I is the set of node indices of the classical finite element method,
• IH is the set of node indices enriched by the Heaviside function given by
H(x) =
 +1 if (x− x
∗) · n ≥ 0,
−1 elsewhere,
(2.11)
where x∗ denotes the crack tip and n is a given outward unit normal to the crack,
• Fj, j = 1, .., 4, are the singular functions given by (2.7),
• χ is a W 3,∞(Ω) cut-off function (see Figure 2.3) such that there exists 0 < r0 < r1
with 
χ(r) = 1 if r < r0,
0 < χ(r) < 1 if r0 < r < r1,
χ(r) = 0 if r1 < r.
(2.12)
Note that the regularity W 3,∞(Ω) is needed to simplify the mathematical analysis.
Meanwhile, It is satisfied when using a fifth degree piecewise polynomial as a cut-off
function.
The discrete problem can be written as follows
Find uh ∈ Vh such that a(uh, vh) = L(vh) ∀vh ∈ Vh. (2.13)
The proposed enrichment can be compared to the one of the classical XFEM,
where the singular enrichment term of (2.10) is replaced by
∑
i∈IF
∑4
j=1 cijFjϕi and
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where IF denotes the set of degrees of freedom of the element containing the crack
tip (see Chapter 1). It can be compared also to XFEM with pointwise matching
(introduced in [LRPS05]). In the latter one, the singular enrichment term is written∑4
j=1 cjFjΛ, where Λ is equal to one on the enriched area, and zero otherwise. On
the node of the interface between the enriched zone and the rest of the mesh, a
bonding condition is considered on the displacement field.
2.4 Error estimate
The mathematical result obtained in this chapter is the following:
Theorem 2.4.1 Assume that the displacement field u, solution to Problem (2.3),
satisfies Condition (2.4). Then, for a fixed ² > 0, the following estimate holds
‖u− uh‖1,Ω ≤ Ch‖u− χus‖2+²,Ω, (2.14)
where uh is the solution to Problem (2.13), ‖.‖s,Ω, s ∈ R stands for the norm in
Hs(Ω) (see [LM, Ada75] for the definition of ‖.‖s,Ω), us is the singular part of u (see
(2.4)), χ is the W 3,∞(Ω) cut-off function and finally C > 0 is a constant independent
of h.
Remark. When using a classical finite element method on a cracked domain,
the error convergence rate for the energy norm is of order
√
h while the displacement
field belongs to H3/2−η(Ω), ∀η ≥ 0 (see Chapter 1). The convergence rate obtained
here is identical to the one obtained when using a classical finite element method of
first order with a regular problem. The error estimate is not completely optimal due
to the requirement u− χus ∈ H2+²(Ω) instead of u− χus ∈ H2(Ω). This is strictly
a technical difficulty.
In order to compute the interpolation error, we introduce an interpolation oper-
ator Ih adapted to the problem. This is done by using an extension of the displace-
ment field across the crack on Ω, then defining the interpolation of the displacement
field using the extension (Lemma 2.4.3). The interpolation error estimates are then
computed locally on every different type of triangles (see Figure 2.4): triangles
totally enriched by the discontinuous function (Lemma 2.4.4), triangles totally en-
riched by the singular functions (Lemma 2.4.5), triangles partially enriched by the
discontinuous function (Lemma 2.4.6) and finally non-enriched triangles.
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Figure 2.5: Domain decomposition.
As mentioned above, the proof of Theorem 2.4.1 requires the definition of an
interpolation operator adapted to the proposed method. Since the displacement
field is discontinuous across the crack on Ω, we divide Ω into Ω1 and Ω2 according
to the crack and a straight extension of the crack (Figure 2.5). Let us denote
ur = u− χus, and ukr the restriction of ur to Ωk, k ∈ {1, 2}. As a result of (2.4), we
can write that ur ∈ H2+²(Ω). There exists in H2+²(Ω) an extension u˜kr of ukr across
the crack on Ω such that (see [LM, Ada75])
‖u˜kr‖2+²,Ω ≤ Ck‖ukr‖2+²,Ωk . (2.15)
The use of such extensions allows us to interpolate on complete triangles and not on
sub-triangles or quadrangles that are inducted because of the presence of a crack.
In the following, C denotes a generic constant that might be different at each
occurrence but is independent of h.
Definition 2.4.2 Given a displacement field u satisfying (2.4) and two extensions
u˜1r and u˜2r respectively of u1r and u2r in H2+²(Ω). We define Πhu as the element of
Vh such that
Ihu =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
4∑
i=1
ciFiχ, (2.16)
where ai, bi are given as follows (xi denotes the node associated to ϕi):
if i ∈ {I \ IH} then ai = ur(xi),
if i ∈ IH and xi ∈ Ωk then (l 6= k)
{
ai =
1
2
(
ukr(xi) + u˜
l
r(xi)
)
,
bi =
1
2
(
ukr(xi)− u˜lr(xi)
)
H(xi),
(2.17)
and ci, i = 1, .., 4 are derived from (2.5) and (2.6) such that
∑
i ciFi = us.
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Figure 2.6: (a) Totally enriched triangle and (b) partially enriched triangle (Figure
2.4).
Lemma 2.4.3 The function Ihu (Definition 2.4.2) satisfies
(i) Ihu = Ihur + χus on a triangle non-enriched by H,
(ii) Ihu|K∩Ωk = Ihu˜kr + χus on a triangle K totally enriched by H,
where Ih denotes the classical interpolation operator for the associated finite element
method.
Remark. Obviously, the definition of Ihu depends on the chosen extension
u˜kr . From Lemma 2.4.3, the function Ihu is called the XFEM interpolation of u.
Note that (2.16) and equations (i) and (ii) of Lemma 2.4.3 define a unique XFEM
interpolation function Ihu on the whole domain Ω. A similar construction of an
interpolation operator taking only into account the discontinuity across the crack
was done in [HH04]. The definition of Ihu that we introduce is adapted to the
presence of singularities.
Proof. Equation (i) is directly derived from the first equation of (2.17) since Ih
is the classical interpolation operator (see [Cia78]). It means that a classical degree
of freedom is equal to the node value of ur if it is not enriched by H.
In order to prove (ii), we consider a triangle K totally enriched by the discon-
tinuous function. Using local indexing, let the first node x1 of K be in Ω1 and the
two others x2 and x3 be in Ω2 (Figure 2.6 (a)). Using (2.16), we have
Ihu|K =
3∑
j=1
ajϕj +
3∑
i=1
bjHϕj + χus, (2.18)
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where j denotes the local index of the degrees of freedom. Let pk be the two poly-
nomials defined by (k ∈ {1, 2}):
pk = Ihu|K∩Ωk − χus. (2.19)
thus, we have 
p1 =
3∑
j=1
ajϕj +
3∑
j=1
bjϕj,
p2 =
3∑
j=1
ajϕj −
3∑
j=1
bjϕj.
(2.20)
Then, combining (2.20) and (2.17), we obtain p1(xj) = aj + bj = u˜
1
r(xj),
p2(xj) = aj − bj = u˜2r(xj).
(2.21)
We conclude that pk is the classical interpolation of u˜kr on K, which gives (ii). ¤
In order to find the global interpolation error, we will proceed by computing
local error estimates on the triangles totally enriched by H, triangle containing the
crack tip, triangles partially enriched by H and non-enriched triangles (Figure 2.4).
In what follows, let
hL = diam(L) = max
x1,x2∈L
|x1 − x2|, (2.22)
and
ρL = sup{(diam(B)); B ball of R2, B ⊂ L}, (2.23)
where L is a subset of Ω.
Lemma 2.4.4 Let T Hh be the set of triangles totally enriched by H (Figure 2.4) and
σK = hKρ
−1
K . For all K in T Hh , and for all u satisfying (2.4), we have the estimates
‖u− Ihu‖1,K∩Ω1 ≤ ChKσK‖u˜1r‖2,K , (2.24)
and
‖u− Ihu‖1,K∩Ω2 ≤ ChKσK‖u˜2r‖2,K . (2.25)
In fact, the triangles totally enriched by H are cut into two parts. Using the ex-
tensions of u1r and u2r, we associate three interpolation points to every part. Thus,
the interpolation operator we defined, allows us to make a classical interpolation on
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every part of the triangle, and have the same optimal rate of convergence obtained
in the classical global interpolation theorem (see [SF73, EG02]). Thus, Lemma 2.4.4
is a direct consequence of this theorem.
Lemma 2.4.5 Let K be the triangle containing the crack tip and K∗ = K \ ΓC.
Using the same notations, we have the following estimate on K∗
‖u− Ihu‖1,K∗ ≤ ChKσK‖u− χus‖2+²,Ω, (2.26)
where σK = hKρ−1K .
Proof. Since we added singular functions to the discrete space (around the crack
tip), the singular part of u (see (2.4)) will be eliminated when we try to estimate
‖u−Ihu‖1,K∗ . Thus it is sufficient to estimate ‖ur−Ihur‖1,K∗ where ur = u−χus.
In fact
‖ur − Ihur‖21,K∗ = ‖ur − Ihur‖20,K∗ + |ur − Ihur|21,K∗ , (2.27)
where | · | denotes the H1(Ω)-semi-norm. Using Sobolev imbedding theorems, the
space H2+²(Ω) (and not H2(Ω)) is continuously imbedded in C1B(Ω), where (see
[LM, Ada75])
C1B(Ω) = {v ∈ C1(Ω) : ∇v ∈ L∞(Ω)} (2.28)
Thus
‖∇ur‖L∞(Ω) ≤ C‖ur‖2+²,Ω = Cα, (2.29)
and
‖∇Ihur‖L∞(K∗) ≤ Cαd
ρK
, (2.30)
where d ≤ h denotes the maximal distance between a node of K∗ and the crack tip.
In fact, (ur − Ihur)(x) vanishes at the nodes, thus
‖ur − Ihur‖L∞(K∗) ≤ Cαh
2
K
ρK
, (2.31)
then
‖ur − Ihur‖0,K∗ ≤
[ ∫
K∗
(
Cαh2Kρ
−1
K
)2
dx
]1/2
= Cαh2Kρ
−1
K
√
meas(K∗), (2.32)
and
|ur − Ihur|1,K∗ ≤
[ ∫
K∗
(
CαhKρ
−1
K
)2
dx
]1/2
= CαhKρ
−1
K
√
meas(K∗). (2.33)
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Finally, we can write the following estimates
‖ur − Ihur‖0,K∗ ≤
(
Ch3Kρ
−1
K
) ‖ur‖2+²,Ω,
|ur − Ihur|1,K∗ ≤
(
Ch2Kρ
−1
K
) ‖ur‖2+²,Ω. (2.34)
Using (2.27) we obtain (2.26).
Lemma 2.4.6 Let K be a triangle partially enriched by H (Figure 2.6 (b)), and
K∗ = K \ ΓC. Over this triangle, the interpolation error can be bounded as follows
‖u− Ihu‖1,K∗ ≤ ChKσK‖u− χus‖2+²,Ω. (2.35)
Proof. We will estimate ‖ur−Ihur‖1,K∗ whenK is the triangle partially enriched
showed in Figure 2.6 (b). The same work can be done for every other triangle
partially enriched. In fact, Ihur on K∗ can be written
Ihur =
2∑
i=1
ui(xi)ϕi +
u1(x3) + u˜2(x3)
2
ϕ3 +
u1(x3)− u˜2(x3)
2
Hϕ3, (2.36)
thus
Ihur =
3∑
i=1
ur(xi)ϕi +
u˜2(x3)− u1(x3)
2
ϕ3 +
u1(x3)− u˜2(x3)
2
Hϕ3. (2.37)
The imbedding result together with the continuity property of the extension operator
lead to
u1(x3)− u˜2(x3)
2
≤ Cdα, (2.38)
where d ≤ 2h denotes the maximal distance between a node of K and the crack tip.
Consequently
‖∇Ihur‖L∞(K) ≤ Cαd
ρK
. (2.39)
By repeating the same arguments of the proof of Lemma 2.4.5, we obtain the fol-
lowing
‖ur − Ihur‖0,K∗ ≤
(
Ch3Kρ
−1
K
) ‖ur‖2+²,Ω,
|ur − Ihur|1,K∗ ≤
(
Ch2Kρ
−1
K
) ‖ur‖2+²,Ω. (2.40)
Finally, using (2.4), we can conclude the lemma's result. ¤
Proof of Theorem 2.4.1. Using Cea's lemma (see [Cia78]), it is known that there
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Figure 2.7: Triangulation of Ω.
exists C0 ≥ 0 such that
‖u− uh‖1,Ω ≤ C0‖u− vh‖1,Ω, ∀vh ∈ Vh, (2.41)
thus
‖u− uh‖1,Ω ≤ C0‖u− Ihu‖1,Ω, (2.42)
since Ihu ∈ Vh. Using the local interpolation errors, the global error can be written
‖u− Ihu‖21,Ω =
∑
K∗∈Th
‖u− Ihu‖21,K∗ , (2.43)
where K∗ = K \ΓC . The local interpolation error on the non-enriched triangles can
obviously be derived from the global classical interpolation theorem, since we make
a classical interpolation on these triangles. Then, for every non-enriched triangle K
we have
‖u− Ihu‖1,K ≤ ChKσK‖u− χus‖2,K . (2.44)
Finally, the result of Theorem 2.4.1 can be obtained using (2.44) and the lemmas
2.4.4, 2.4.5 and 2.4.6. ¤
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Figure 2.8: Von Mises stress for a mode I problem using a cut-off function with P2
elements.
2.5 Numerical experiments
The non-cracked domain studied here is defined by
Ω =]− 0.5; 0.5[×]− 0.5; 0.5[,
and the crack is the line segment
ΓC = [−0.5; 0]× {0}.
The cut-off function χ ∈W 3,∞(Ω) is defined such that{
χ(r) = 1 if r < r0 = 0.01,
χ(r) = 0 if r > r1 = 0.49,
(2.45)
and χ is identical to a fifth degree polynomial if r0 ≤ r ≤ r1. Note that by de-
creasing the difference between r0 and r1, the stiffness of χ increases and then the
interpolation error is higher because of the presence of ‖u−χus‖2+²,Ω in the estimate
of Theorem 2.4.1. Finally, the finite element method is the one defined in section
2.3 on a structured triangulation of Ω (see Figure 2.7 for an example of a structured
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Figure 2.9: L2-error with respect to the number of cells in each direction for a mode
I problem with enriched P1 elements (logarithmic scales).
mesh of Ω). The numerical tests are achieved using GETFEM++, the object ori-
ented C++ finite element library (see [RPem]).
In the first test, the opening mode displacement field is the exact solution pre-
scribed as a Dirichlet condition on the domain boundary. Figure 2.8 shows the Von
Mises stress on the opening mode deformed mesh of the model problem. As ex-
pected, the Von Mises stress is concentrated at the crack tip (at the singularity).
Figures 2.9 and 2.10 show a comparison between the convergence rates of the classi-
cal finite element method without enrichment, XFEM with surface enrichment and
the cut-off enrichment strategy for the L2-norm and the H1-norm. These errors are
obtained by running the test problem for some values of the parameter ns, where ns
is the number of subdivisions (number of cells) in each direction (h = 1/ns). The
rate of convergence for the L2-norm is better than the one for the H1-norm which is
quite usual. Figure 2.10 confirms that the convergence rate for the energy norm is
of order
√
h for the classical finite element method without enrichment and of order
h for the XFEM method on a fixed area. It shows also the optimal convergence
obtained with the cut-off enrichment strategy.
In order to explore the capabilities of the proposed variant, we consider a more
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Figure 2.10: H1-error with respect to the number of cells in each direction for a mode
I problem with enriched P1 elements (logarithmic scales).
sophisticated problem. In the following test, the exact solution is a combination of
a regular solution to the elasticity problem, the mode I and the mode II analytical
solutions and a higher order mode (for the deformed configuration, see Figure 2.11).
The Von Mises stress for this test is presented in Figure 2.11. Figure 2.12 shows a
comparisons of the convergence curves of the non-enriched classical method, XFEM
and the cut-off strategy. The optimal rate is preserved for the XFEM with cut-off
function.
The proposed enrichment strategy improves the convergence rate of the method
without enrichment and reduces the approximation errors without a significant ad-
ditional computational cost. This latter result represents an improvement of the
classical XFEM method, where the convergence rate remains of order
√
h for many
reasons detailed in [LRPS05]. Compared to the XFEM method with a fixed enrich-
ment area (see [LRPS05] for more details), the convergence rate is very close but the
error values are larger. The reason seems to be the influence of the "stiff" part of
the cut-off function χ, in the sense that its H2(Ω)-norm influences the error estimate
bound given by Theorem 2.4.1.
On the other hand, the cut-off enrichment reduces significantly the computational
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Figure 2.11: Von Mises stress for mixed modes using P2 elements.
cost of XFEM with a fixed enrichment area where every degree of freedom in this
area is enriched by the singular displacement. This latter enrichment leads to a
significant increase of the number of degrees of freedom method, but it eliminates the
inconvenient of the classical XFEM where the support of the crack tip enrichment
functions vanishes when h goes to 0. Table 2.5 shows a comparison between the
number of the degrees of freedom for different refinements of the classical method,
XFEM with a fixed enrichment area and the cut-off method.
Table 2.1: Number of degrees of freedom.
Number of cells FEM XFEM XFEM
in each direction surface enrichment cut-off
40 3402 4962 3410
60 7502 11014 7510
80 13202 19578 13210
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Figure 2.12: H1-error with respect to the number of cells in each direction for mixed
modes problem with enriched P1 elements (logarithmic scales).
In order to test the influence of the cut-off enrichment radius, Figure 2.13 shows
a comparison between different situations. The convergence rate is slightly modified.
Although, the error level is better when the cut-off function is smoother. In other
words the error level is influenced by the transition layer of the enrichment. This is
again due to the influence of the H2(Ω)-norm of the cut-off function (see (2.14)).
Figure 2.14 shows the variation of the Von Mises stress on the vertical line of
abscises 0.1 for the P1 method presented above and also for a P2 XFEM method
still using a cut-off function.
In the same time, as we can see in Figure 2.15, the conditioning of the linear
system associated to the cut-off enrichment is very much better than the one as-
sociated to XFEM with a fixed enrichment area. This is in particular due to the
non-unisolvence of the classical XFEM enrichment (see [LRPS05]).
Concluding remarks
The originality of this study consists mainly in the mathematical analysis of the
transition between the crack tip singular enrichment and the discontinuous Heaviside
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Figure 2.13: cut-off comparison for the mode I problem (logarithmic scales).
enrichment. Concerning XFEM with a fixed enrichment area, the mathematical
analysis remains an open problem. However, the result presented here reinforces the
confidence on the reliability of the XFEM methods. The presented cut-off strategy
is limited to the 2D case. An adaptation to 3D problem is not straightforward and
would require the use of a system of coordinates along the crack front. However, it
is an appropriate method for 2D problems like cracked plate problems.
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Chapter 3
XFEM with integral matching
3.1 Introduction
The common drawback of XFEM with enrichment surface (Chapter 1) and XFEM
with a cut-off function (Chapter 2) is the bad approximation at the transition area
between the singular enrichment zone and the rest of the domain. The following
chapter introduces a new XFEM type method that keeps the advantages of XFEM
with cut-off function and bypass the previous difficulty.
Figure 3.1: Domain decomposition with PUFEM.
In a partition of unity method, the cracked domain Ω is divided into Ω1 and Ω2
such that the crack tip belongs to Ω2 (see Figure 3.1). The finite element method
defined on Ω1 (resp. on Ω2) is enriched by a step function around the crack sides
(resp. by a step function around the crack sides and by the singular functions at
the crack tip). The partition of unity is considered to keep the continuity of the
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displacement field through the overlapping area Ω1 ∩ Ω2.
A mathematical analysis proves that the width of the transition layer Ω1 ∩ Ω2
does not effect the quality of the approximation (see [LRPS05]). Therefore, the idea
was to remove this layer and to replace it by bonding condition at the interface
between the disjointed subdomains Ω1 and Ω2.
In the following chapter, we introduce the XFEM with integral matching condi-
tion. This approach uses this weak bonding condition between the singular enrich-
ment area and the rest of the domain, thus, the method is a non-conformal one.
We prove the optimality of XFEM with integral matching and we perform some
numerical experiments that compare it to the classical XFEM and to XFEM with a
cut-off function.
3.2 A non-conformal method
Let Ω be a cracked bounded domain of R2, ΓC denotes the crack. To simplify, Ω is
assumed to be polygonal. Let Ω1 and Ω2 be a partition of Ω such that the crack tip
x∗ belongs to Ω2 and the boundary of Ω2 is polygonal (Figure 3.2).
Let Th be a regular family of triangulations (in the sense of Ciarlet [Cia78])
defined on Ω independently of the crack path such that the interface ∂Ω2 coincides
with the edges of some elements of Th, h being defined by
h = max
T∈Th
diam(T ) = max
T∈Th
[
max
x1,x2∈T
|x1 − x2|
]
. (3.1)
We consider on Th a P1 finite element method with scalar shape functions denoted
{ϕi}i∈I . The basis function ϕi is associated to the node xi. Let IH be the set of
indices corresponding to the nodes enriched by the Heaviside function (see Chapter
1). Let also I(Ωk) (resp. IH(Ωk)) be the subset of indices i ∈ I (resp. i ∈ IH) such
that xi ∈ Ωk, k ∈ {1, 2}.
Let Vh1 be the space of the P1 classical finite element method on Ω1 enriched by
the step function:
Vh1 =
vh1 : vh1 = ∑
i∈I(Ω1)
aiϕi +
∑
i∈IH(Ω1)
biHϕi; ai, bi ∈ R2
 , (3.2)
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Crack
Figure 3.2: Decomposition of the cracked domain.
and Vh2 the finite element space on Ω2 enriched by the step function and the singular
ones:
Vh2 =
vh2 : vh2 = ∑
i∈I(Ω2)
aiϕi +
∑
i∈IH(Ω2)
biHϕi +
4∑
j=1
cjFj; ai, bi, cj ∈ R2
 . (3.3)
In this chapter, the approximation product space of the displacement field on Ω,
denoted Vh, is the set of functions vh defined on Ω such that (k ∈ {1, 2})
vh = vhk in Ωk, vhk ∈ Vhk . (3.4)
The space Vh can be identified to the space Vh1 × Vh2 . The following section defines
a bonding condition for the functions vh ∈ Vh to recover a weak continuity property
across the interface between Ω1 and Ω2.
3.3 Hybrid formulation
We recall from Chapter 1 the strong formulation of the elasticity problem on the
cracked domain:
σ = Dε(u) in Ω, (3.5a)
−div σ = g in Ω, (3.5b)
u = 0 on ΓD, (3.5c)
σn = f on ΓN . (3.5d)
Note that considering homogeneous Dirichlet boundary condition is not a restriction.
The mathematical analysis can be easily extended to the non-homogeneous case.
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We suppose that g ∈ L2(Ω) and f ∈ L2(ΓN). Taking into consideration the
partition of Ω = Ω1 ∪ Ω2, Problem (3.5) can be written as a transmission problem
in V (see [QV99]), where V is the space of the discontinuous functions across the
interface defined by
V = {v ∈ L2(Ω) : vk = v|Ωk ∈ H1(Ωk), v1 = 0 on ΓD} . (3.6)
Let V1 and V2 be the following spaces
V1 =
{
v1 ∈ H1(Ω1) : v1 = 0 on ΓD
}
, (3.7)
and
V2 = H1(Ω2). (3.8)
The space V can be identified to the space V1×V2 equipped with the canonical norm
of the product space H1(Ω1)×H1(Ω2):
‖v‖V =
(
‖v1‖21,Ω1 + ‖v2‖21,Ω2
)1/2
, (3.9)
where vk = v|Ωk .
We consider that ΓD is the union of some edges of elements of Th. Moreover, in
the definition of Vh1 , the set I(Ω1) does not contain the indices of the nodes that
belong to ΓD, in such a way that Vh ⊂ V . Let us assume that meas(ΓD) > 0.
Let Γ be the interface between the two subdomains except the intersection point
xC of the interface and the crack (Figure 3.2):
Γ = ∂Ω2 \ {xC}. (3.10)
The jump of the displacement field through Γ is denoted
[u] = (u2 − u1)|Γ. (3.11)
We consider the following hybrid problem (see [BF91]):
Find u ∈ V , λ ∈ W such that
a(u, v) + b(v, λ) = L(v) ∀v ∈ V , (3.12a)
b(u, µ) = 0 ∀µ ∈ W . (3.12b)
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Denoting u = (u1, u2), the broken bilinear form a is defined by
a(u, v) =
2∑
k=1
ak(uk, vk) =
2∑
k=1
∫
Ωk
Dε(uk) : ε(vk) dx, (3.13)
where the operator D of elastic coefficients satisfy the ellipticity property (1.11) of
Chapter 1. Moreover,
L(v) =
2∑
k=1
∫
Ωk
g · vk dx+
∫
ΓN
f · v1 dΓ, (3.14)
and
b(v, µ) = −
∫
Γ
µ · [v] dΓ. (3.15)
The multiplier space W is the dual space
(
H1/2(Γ)
)′
= H−1/200 (Γ) equipped with its
canonical norm denoted ‖.‖−1/2,Γ. The integral on Γ in equation (3.15) represents
the duality product between H1/2(Γ) and its dual.
Lemma 3.3.1 There exists a unique pair (u, λ) ∈ V×W solution to Problem (3.12).
Moreover, the displacement field u is solution to the weak formulation of the elasticity
problem (1.26) and λ can be identified as follows
λ = σ(u)n on Γ, (3.16)
where n denotes the outward unit normal to Ω2 on Γ and σ(u) = Dε(u).
Proof. The existence and the uniqueness of the solution (u, λ) to (3.12) are
obtained using a classical result for saddle point problems (see [BF91]). The main
difficulty is to prove the coerciveness of the bilinear form a on the kernel Ker(B) of
the operator B, defined from V = V1 × V2 into H1/2(Γ) as
< Bv, µ >= b(v, µ), ∀µ ∈ W , (3.17)
for all v ∈ V . The functions of Ker(B) are the functions v ∈ V such that [v] = 0.
Then the kernel of B can be identified to the space
V =
{
v ∈ H1(Ω) : v = 0 on ΓD
}
, (3.18)
and equipped with the H1(Ω)-norm. As a result of the Korn inequality (see Ap-
pendix), there exists α > 0 such that∫
Ω
Dε(v) : ε(v) dx ≥ α‖v‖2V , ∀v ∈ V. (3.19)
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Using the definition (3.13), we obtain
a(v, v) ≥ α‖v‖2V , ∀v ∈ Ker(B). (3.20)
Consequently, the broken bilinear form a is coercive on Ker(B).
The second step of the proof is to identify the multiplier λ. Denoting
σ(u) = Dε(u),
the bilinear form a (equation (3.13)) can be written
a(u, v) =
2∑
k=1
∫
Ωk
σ(uk) : ε(vk) dx. (3.21)
Assuming that u ∈ H(div; Ω), the Green's formula applied to the latter leads to (see
Appendix)
a(u, v) = −
2∑
k=1
∫
Ωk
div σ(uk) · vk dx
+
∫
ΓN
σn · v1 dΓ +
∫
Γ
σn · v1 dΓ−
∫
Γ
σn · v2 dΓ.
(3.22)
The saddle point weak formulation (3.12a) can be written for all v ∈ V :
a(u, v) =
2∑
k=1
∫
Ωk
g · vk dx+
∫
ΓN
f · v1 dΓ +
∫
Γ
λ · [v] dΓ. (3.23)
Combining the two latter equations, we obtain
2∑
k=1
∫
Ωk
(
div σ(uk)− g
)
· vk dx
+
∫
ΓN
(
σ(u)n− f
)
· v1 dΓ
+
∫
Γ
(
σ(u)n− λ
)
· [v] dΓ = 0.
(3.24)
For the particular choice vk ∈ D(Ωk), we have
−divσ(uk) = g a.e. in Ωk. (3.25)
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By choosing v such that [v] = 0 on Γ, then
σn = f a.e. on ΓN . (3.26)
Finally, using the latter, equation (3.24) reads∫
Γ
(
σ(u)n− λ
)
· [v] dΓ = 0 ∀v ∈ V , (3.27)
which leads to the identification of the multiplier as being the stress vector on Γ.
3.4 Discrete integral matching
In this section, we write the XFEM with integral matching discrete variational for-
mulation. We prove also an associated inf-sup condition necessary for the conver-
gence analysis.
The regular family of triangulations Th introduced in Section 3.2 defines a regular
family of subdivisions Sh of Γ into line segments, where Γ = ∂Ω2 (Figure 3.2). We
denote
Wh =
{
µh ∈ C0(Γ)2 : µhi |S ∈ P1, ∀S ∈ Sh, i ∈ {1, 2}
}
. (3.28)
Let us note that the definition of the discrete multiplier space Wh does not take
into consideration the discontinuity of the exact multiplier across the crack since no
discontinuous enrichment is present. Meanwhile,Wh can be identified to a subspace
ofW equipped with the induced norm (every continuous function on Γ can be iden-
tified to an L2(Γ) one).
Then, the discrete formulation associated to the transmission problem (3.12) can
be written:
Find uh ∈ Vh = Vh1 × Vh2 , λh ∈ Wh such that
a(uh, vh) + b(vh, λh) = L(vh) ∀vh ∈ Vh (3.29a)
b(uh, µh) = 0 ∀µh ∈ Wh. (3.29b)
Definition 3.4.1 Let Bh be the operator defined from Vh into the dual of Wh such
that, for all vh ∈ Vh:
< Bhvh, µh >= b(vh, µh), ∀µh ∈ Wh. (3.30)
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The following theorem proves a compatibility condition between the discrete
displacement space Vh defined in Section 3.2 and the discrete multiplier space Wh
defined in (3.28).
Theorem 3.4.2 The approximation spaces Vh and Wh satisfy:
inf
µh∈Wh
sup
vh∈Vh
b(vh, µh)
‖vh‖V‖µh‖−1/2,Γ ≥ β, (3.31)
where β > 0 is a constant independent of h.
Proof. Let Xh1 (resp. Xh2 ) be the non-enriched finite element space defined on
Ω1 (resp. Ω2). More precisely, Xh1 (resp. Xh2 ) is the set of continuous piecewise
affine functions on Th|Ω1 (resp. on Th|Ω2) such that vh1 = 0 on ΓD. The space Xhk is
equipped with the H1(Ωk)-norm, k ∈ {1, 2}.
Let µh be an element of Wh. Using a result obtained in [BR03], there exists
vh1 ∈ Xh1 such that
−
∫
Γ
µh · vh1 dΓ ≥ β1‖µh‖−1/2,Γ‖vh1‖1,Ω1 , (3.32)
where β1 > 0 denotes a constant independent of h, µh and vh. In the same way,
there exists −vh2 ∈ Xh2 such that∫
Γ
µh · vh2 dΓ ≥ β2‖µh‖−1/2,Γ‖vh2‖1,Ω2 , (3.33)
where β2 > 0 is a constant independent of h. Adding equation (3.32) and (3.33)
leads to
−
∫
Γ
µh · [vh] dΓ ≥ β‖µh‖−1/2,Γ(‖vh1‖1,Ω1 + ‖vh2‖1,Ω2), (3.34)
where β = inf(β1, β2) > 0. Consequently,
b(vh, µh) ≥ β‖µh‖−1/2,Γ
(
‖vh1‖21,Ω1 + ‖vh2‖21,Ω2
)1/2
≥ β‖µh‖−1/2,Γ‖vh‖V .
(3.35)
Since the enriched discrete space Vh contains Xh1 ×Xh2 , thus
sup
vh∈Vh
b(vh, µh)
‖vh‖V ≥ β‖µ
h‖−1/2,Γ, ∀µh ∈ Wh. (3.36)
The latter result reads
inf
µh∈Wh
sup
vh∈Vh
b(vh, µh)
‖vh‖V‖µh‖−1/2,Γ ≥ β. (3.37)
¤
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3.5 A coerciveness property
Unlike equation (3.12b), equation (3.29b) is not sufficient to have the continuity
of the discrete displacement field through Γ. Then, the coerciveness of the broken
bilinear form a is not obvious in the finite element context. Therefore, we prove in
the following lemma that a has a coerciveness property which is needed to prove the
existence and the uniqueness of a solution to Problem (3.29).
Let us define the following constants that will be used later
γ =
∫
Γ
1 dΓ, γ1 =
∫
Γ
x1 dΓ, γ2 =
∫
Γ
x2 dΓ, γ3 =
∫
Γ
(x21 + x
2
2) dΓ, (3.38)
and
α1 = γ1/γ, α2 = γ2/γ. (3.39)
We denote
µ1(x) = (1, 0), µ2(x) = (0, 1), µ3(x) = (α1, x1 + α2), ∀x ∈ Γ, (3.40)
and
V0 =
{
w ∈ V :
∫
Γ
µi · w dΓ = 0, i ∈ {1, 2, 3}
}
. (3.41)
Lemma 3.5.1 Assuming that meas(ΓD) > 0, there exists α > 0 such that
a(w,w) ≥ α‖w‖2V , ∀w ∈ V0. (3.42)
Proof. The coerciveness of a will be stated in two steps. The first one is to
prove that the infinitesimal rigid displacements in V0 are zero. The second one is to
apply the Petree-Tartar lemma.
Let w = (w1, w2) be a function of V0 such that (k ∈ {1, 2})
ε(wk) = 0 in Ω. (3.43)
In order to prove the first step, we have to show that
w = 0 in Ω. (3.44)
Since Vh ⊂ V and a Dirichlet condition is prescribed on the boundary of Ω1
(meas(ΓD) > 0), we obtain w1 = 0 in Ω1. On the other hand, denoting w2 = (p1, p2),
the condition ε(w2) = 0 reads
∂1p1 = 0, ∂2p2 = 0, and ∂1p2 + ∂2p1 = 0, in Ω2. (3.45)
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Then there exists scalars a1, a2, b1, b2 such that
p1 = a1x2 + b1, p2 = a2x1 + b2, and a1 + a2 = 0. (3.46)
Note that p1 and p2 are of first order functions with respect to (x1, x2) because,
using (3.45), we have
∂222p1 = 0 and ∂211p2 = 0. (3.47)
Consequently, w2 = (p1, p2) can be written
w2 = (ax2 + b1,−ax1 + b2), (3.48)
where a = a1 = −a2. Now, since w ∈ V0 and Wh ⊂ W , it follows∫
Γ
µi · w dΓ = 0, i ∈ {1, 2, 3}. (3.49)
The latter equation reads
γ2a + γb1 = 0
−γ1a + γb2 = 0
(−γ3 + α1γ2 − α2γ1)a + (−γ2 + α1)b1 + (γ1 + α2)b2 = 0
(3.50)
The determinant Det of this system can be written
Det = γ(γ21 + γ
2
2 − γ3γ). (3.51)
Using the Schwarz inequality, we prove that Det 6= 0; then the solution to System
(3.50) is (a, b1, b2) = (0, 0, 0). From (3.48), it results that w2 = 0 in Ω2 and conse-
quently, the assertion (3.44) holds.
In the second step, let us verify the hypotheses of the Petree-Tartar lemma to
prove the coerciveness of a. Let X = V0 equipped with the V-norm and
Y = {ε = (εij), εij = (ε1ij, ε2ij) : εkij ∈ L2(Ωk), k ∈ {1, 2}}, (3.52)
Z = {w = (w1, w2) : wk ∈ L2(Ωk), k ∈ {1, 2}}, (3.53)
equipped with the associated product norm. Let also A be the mapping defined
from X into Y such that
A(w) = ε(w), (3.54)
for every function w ∈ X and T the embedding operator from X into Z.
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Using the Korn inequality we obtain the existence of αk > 0 such that
αk‖wk‖21,Ωk ≤ ‖wk‖20,Ωk + ‖ε(v)‖20,Ωk , ∀wk ∈ H1(Ωk), (3.55)
i.e. (c = inf{α1, α2})
c‖w‖2X ≤ ‖T (w)‖2Z + ‖A(w)‖2Y , ∀w ∈ X. (3.56)
Moreover, the operator A is injective due to the first step of the proof. In fact, let
(w, w˜) ∈ X2 satisfying A(w) = A(w˜), then
ε(wk − w˜k) = 0 in Ωk. (3.57)
Consequently
w − w˜ = 0 in Ω, (3.58)
thanks to the first step. Finally, the operator T is compact due to the compacity of
the embedding operator from H1(Ω) into L2(Ω).
Now, the Petree-Tartar lemma (see Appendix) implies the existence of α > 0
satisfying
α‖w‖2X ≤ ‖A(w)‖2Y , ∀w ∈ X. (3.59)
Using the ellipticity property of the elasticity coefficients (i.e. there exists a0 > 0
such that a(wk, wk) ≥ a0‖ε(wk)‖20,Ωk), the latter result leads to the coerciveness of a
in V0. ¤
Corollary 3.5.2 There exists a unique pair (uh, λh) ∈ Vh×Wh solution to Problem
(3.29).
Proof. In order to follow the proof of Lemma 3.3.1, it is sufficient to have the
coerciveness of the bilinear form a on KerBh. Since KerBh ⊂ V0, the broken bi-
linear form a is coercive on KerBh (Lemma 3.5.1). Then, the existence and the
uniqueness of a solution (uh, λh) to the saddle point problem (3.29) are obtained as
for the continuous weak formulation. ¤
Remark. The discrete space Vh cannot be identified to a subspace of H1(Ω).
The continuity through Γ of the displacement field in Vh is prescribed only in a
discrete weak sense which is the integral matching condition (equation (3.29b)).
Consequently, the defined discretization method is a non-conformal one. Another
type of matching condition that can be considered would be the nodal matching
condition which reads
[u] = 0 at every node on Γ. (3.60)
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3.6 Abstract error estimate
Having an inf-sup condition and a coerciveness property for the broken bilinear form
a, we obtain in what follows an abstract error estimate associated to the XFEM with
integral matching discretization.
Proposition 3.6.1 Let (u, λ) and (uh, λh) be the solutions to Problem (3.12) and
Problem (3.29) respectively. Assuming that condition (3.31) is verified, we have
‖u− uh‖2V + ‖λ− λh‖2−1/2,Γ ≤ C
{
inf
vh∈Vh
‖u− vh‖2V + inf
µh∈Wh
‖λ− µh‖2−1/2,Γ
}
, (3.61)
where C denotes a constant independent of h.
Proof. The proof of this proposition consists in finding successively an estimate
of ‖u− uh‖V and ‖λ− λh‖−1/2,Γ. Since
KerBh +KerB ⊂ V0, (3.62)
the bilinear form a is coercive on KerB +KerBh (Lemma 3.5.1), then there exists
α > 0 such that
α‖u− uh‖2V ≤ a(u− uh, u− uh). (3.63)
Using the bilinearity of a, we obtain
α‖u− uh‖2V ≤ a(u− uh, u− vh) + a(u, vh − uh)− a(uh, vh − uh), (3.64)
for all vh in Vh. Since Vh ⊂ V , equations (3.12a) and (3.29a) lead to
a(u, vh − uh) + b(vh − uh, λ) = L(vh − uh) , (3.65)
and
a(uh, vh − uh) + b(vh − uh, λh) = L(vh − uh). (3.66)
Now, subtracting the two latter equations we obtain
a(u, vh − uh)− a(uh, vh − uh) = −b(vh − uh, λ) + b(vh − uh, λh)
= −b(vh − uh, λ− λh),
(3.67)
because of the bilinearity of b. It follows from (3.64) that
α‖u− uh‖2V ≤ a(u− uh, u− vh)− b(vh − uh, λ− λh)
≤ a(u− uh, u− vh)− b(vh − u, λ− λh)− b(u− uh, λ− λh).
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Since Wh ⊂ W , equations (3.12b) and (3.29b) lead to
b(u− uh, µh − λh) = 0, (3.68)
thus, for all µh ∈ Wh,
b(u− uh, λ− λh) = b(u− uh, λ− µh) + b(u− uh, µh − λh)
= b(u− uh, λ− µh).
(3.69)
Consequently, we have
α‖u− uh‖2V ≤ a(u− uh, u− vh)− b(vh − u, λ− λh)− b(u− uh, λ− µh). (3.70)
Now, denoting Ca (resp. Cb) the continuity constant of the bilinear form a (resp.
b), we have
α‖u− uh‖2V ≤ Ca
(
‖u− uh‖V‖u− vh‖V
)
+ Cb
(
‖u− vh‖V‖λ− λh‖−1/2,Γ
+‖λ− µh‖−1/2,Γ‖u− uh‖V
)
.
(3.71)
Then
‖u− uh‖2V ≤ C
{(
‖u− uh‖V + ‖λ− λh‖−1/2,Γ
)
inf
vh∈Vh
‖u− vh‖V
+‖u− uh‖V inf
µh∈Wh
‖λ− µh‖−1/2,Γ
}
,
(3.72)
where C is a generic constant independent of h.
We consider in the following the estimate of ‖λh−µh‖−1/2,Γ. The inf-sup condition
given in equation (3.31) reads
β‖λh − µh‖−1/2,Γ ≤ sup
vh∈Vh
b(vh, λh − µh)
‖vh‖V
≤ sup
vh∈Vh
(
b(vh, λh − λ) + b(vh, λ− µh)
‖vh‖V
)
,
(3.73)
for all µh ∈ Wh. Since Vh ⊂ V , equations (3.12a) and (3.29a) lead to
a(u− uh, vh) = b(vh, λh − λ), (3.74)
thus, using (3.73), we have
β‖λh − µh‖−1/2,Γ ≤ sup
vh∈Vh
(
a(u− uh, vh) + b(vh, λ− µh)
‖vh‖V
)
≤ Ca‖u− uh‖V + Cb‖λ− µh‖−1/2,Γ,
(3.75)
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because of the continuity of a and b. Using this latter inequality, we obtain
‖λ− λh‖−1/2,Γ ≤ ‖λ− µh‖−1/2,Γ + ‖µh − λh‖−1/2,Γ
≤ 1
β
(
Ca‖u− uh‖V + (Cb + β)‖λ− µh‖−1/2,Γ
)
.
(3.76)
Finally, from the estimate (3.72), we get
‖u− uh‖2V ≤ C
(
‖u− uh‖V + inf
µh∈Wh
‖λ− µh‖−1/2,Γ
)
inf
vh∈Vh
‖u− vh‖V
+‖u− uh‖V inf
µh∈Wh
‖λ− µh‖−1/2,Γ.
(3.77)
Then
‖u− uh‖2V ≤ C
{
inf
vh∈Vh
‖u− vh‖2V + inf
µh∈Wh
‖λ− µh‖2−1/2,Γ
}
. (3.78)
Combining (3.76) and (3.78), we prove the proposition result. ¤
In order to take benefit of the latter error estimate, the next section is dedicated
to the approximation of the exact multiplier λ with continuous piecewise polynomi-
als.
3.7 Approximation of the discontinuous multipliers
The aim of this section is to obtain an approximation of the exact multiplier λ which
is an element of the dual of H1/2(Γ), where Γ = Γ\{xC}. Let xn, n = 1, .., N , be the
ordered nodes of the triangulation Th which belong to Γ. The set of line segments
Sn = [xn, xn+1[, n = 1, .., N, (3.79)
where xN+1 = x1, defines a partition of Γ. Thus, the crack ΓC cuts the line segment
SN (Figure 3.3). We denote also xN+2 = x2 and x0 = xN .
In this section, let Y h be the discrete space defined by
Y h =
{
ϕh ∈ C0(Γ) : ϕh|Sn ∈ P1, n = 1, .., N
}
. (3.80)
The space Y h can be identified to a subset of L2(Γ). The following better approxi-
mation property holds:
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Figure 3.3: Discretization of the interface Γ.
Proposition 3.7.1 Let ϕ ∈ H1/2(Γ), then we have
inf
ϕh∈Y h
‖ϕ− ϕh‖−1/2,Γ ≤ Ch‖ϕ‖1/2,Γ, (3.81)
where C is a generic constant independent of h.
The proof of this Proposition 3.7.1 is based on the definition of the following
Chen-Nochetto type approximation operator (See [CN00]). A similar construction
can be found in [EG02] and [Ste03]. Let us note also that an analogous approxi-
mation result was obtained in [HR07] for a different type of problem with signed
multipliers.
Definition 3.7.2 Let ϕ ∈ L1(Γ), then Πhϕ is the element of Y h such that
Πhϕ(xn) =
1
|Sn−1 ∪ Sn|
∫
Sn−1∪Sn
ϕ dΓ, n = 1, .., N, (3.82)
where |S| = meas(S) (Figure 3.4). {
Figure 3.4: The set of line segments Sn.
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Lemma 3.7.3 Let ϕ ∈ L1(Γ), then Πhϕ satisfies
‖Πhϕ‖0,Sn ≤ 2‖ϕ‖0,S˜n , (3.83)
where S˜n = Sn−1 ∪ Sn ∪ Sn+1, n = 1, .., N + 1 (Figure 3.4).
Proof. Let ψn be the P1 finite element basis function in Y h associated to the
node xn. Then
‖Πhϕ‖0,Sn = ‖Πhϕ(xn)ψn +Πhϕ(xn+1)ψn+1‖0,Sn
≤ |Πhϕ(xn)|‖ψn‖0,Sn + |Πhϕ(xn+1)|‖ψn+1‖0,Sn .
(3.84)
Since |ψn(x)| ≤ 1, we have
‖ψn‖0,Sn ≤ meas(Sn)
≤ h1/2,
(3.85)
then
‖Πhϕ‖0,Sn ≤ h1/2
(
|Πhϕ(xn)|+ |Πhϕ(xn+1)|
)
. (3.86)
Using the definition of Πhϕ, we obtain
‖Πhϕ‖20,Sn ≤ 2h
(
|Πhϕ(xn)|2 + |Πhϕ(xn+1)|2
)
≤ 1
2h
{(∫ xn+1
xn−1
ϕ dx
)2
+
(∫ xn+2
xn
ϕ dx
)2}
.
(3.87)
The Cauchy-Schwarz inequality leads to
‖Πhϕ‖20,Sn ≤
(∫ xn+1
xn−1
ϕ2 dx+
∫ xn+2
xn
ϕ2 dx
)
≤ 2
∫ xn+2
xn−1
ϕ2 dx
≤ 2‖ϕ‖2
0,S˜n
.
(3.88)
¤
Lemma 3.7.4 Let ϕ ∈ H1/2(Γ). The following estimate holds
‖ϕ− Πhϕ‖0,Γ ≤ Ch1/2‖ϕ‖1/2,Γ, (3.89)
where C is a generic constant independent of h and ϕ.
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Proof. In order to prove the estimate over Γ, we proceed first by computing the
local interpolation errors ‖ϕ− Πhϕ‖0,Sn , for all n.
Let ψ ∈ H1/2(Γ) such that ψ|S˜n = c, where c is a constant, then
Πhψ(xn) =
1
|Sn−1 ∪ Sn|
∫
Sn−1∪Sn
c dΓ = c = Πhψ(xn+1), (3.90)
thus
Πhψ|Sn = c. (3.91)
Since Πh is a linear operator, we have
ψ − Πhψ = (ψ − c)− Πh(ψ − c) on Sn, (3.92)
then
‖ψ − Πhψ‖0,Sn ≤ ‖ψ − c‖0,Sn + ‖Πh(ψ − c)‖0,Sn . (3.93)
Using Lemma 3.7.3 together with the latter, we obtain
‖ϕ− Πhϕ‖0,Sn ≤ ‖ϕ− c‖0,Sn + 2‖ϕ− c‖0,S˜n
≤ 3‖ϕ− c‖0,S˜n .
(3.94)
Let
c =
1
|S˜n|
∫
S˜n
ϕ(y)dy, (3.95)
thus, for almost every x ∈ S˜n,
ϕ(x)− c = 1|S˜n|
∫
S˜n
(
ϕ(x)− ϕ(y)
)
dy. (3.96)
For 2 ≤ n ≤ N − 2, the point xc /∈ S˜n, then we have
ϕ(x)− c = 1|S˜n|
∫
S˜n
ϕ(x)− ϕ(y)
|x− y| |x− y|dy, (3.97)
and the Cauchy-Schwarz inequality leads to∫
S˜n
|ϕ(x)− c|2 dx ≤ 1|S˜n|2
∫
S˜n
{∫
S˜n
|ϕ(x)− ϕ(y)|2
|x− y|2 dy
∫
S˜n
|x− y|2dy
}
dx
≤ |S˜n|
∫
S˜n
∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dxdy.
(3.98)
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Thus, using (3.94), we obtain
‖ϕ− Πhϕ‖20,Sn ≤ 9h
∫
S˜n
∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dxdy. (3.99)
For n ∈ {1, N − 1, N}, we have xc ∈ S˜n. Denoting
S˜−n = {x ∈ S˜n, x < xC} and S˜+n = {x ∈ S˜n, x > xC}, (3.100)
equation (3.96) can be written
ϕ(x)− c = 1|S˜n|
{∫
S˜+n
(
ϕ(x)− ϕ(y)
)
dy +
∫
S˜−n
(
ϕ(x)− ϕ(y)
)
dy
}
. (3.101)
Then
|ϕ(x)− c|2 ≤ 2|S˜n|2
{(∫
S˜+n
(
ϕ(x)− ϕ(y)
)
dy
)2
+
(∫
S˜−n
(
ϕ(x)− ϕ(y)
)
dy
)2}
.
(3.102)
Now, as in equation (3.98), the Cauchy-Schwarz inequality applied separately for
the integrals on S˜+n and S˜−n leads to
|ϕ(x)− c|2 ≤ 2|S˜n|2
{
|S˜+n |3 + |S˜−n |3
}∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dy
≤ 4|S˜n|
∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dy.
(3.103)
By integrating on S˜n, we have∫
S˜n
|ϕ(x)− c|2 dx ≤ 4|S˜n|
{∫
S˜+n
∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dxdy
+
∫
S˜−n
∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dxdy
}
≤ 4|S˜n|
∫
Γ
∫
Γ
|ϕ(x)− ϕ(y)|2
|x− y|2 dxdy.
(3.104)
Consequently, using (3.94), we get
‖ϕ− Πhϕ‖20,Sn ≤ 36h‖ϕ‖21/2,Γ. (3.105)
Finally, the global interpolation error is obtained by summing the local errors
(equations (3.99) and (3.105)) as follows
‖ϕ− Πhϕ‖20,Γ =
∑
n=2,..N−2
‖ϕ− Πhϕ‖20,Sn +
∑
n∈{1,N−1,N}
‖ϕ− Πhϕ‖20,Sn ,
≤ Ch‖ϕ‖21/2,Γ.
(3.106)
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Proof of Proposition 3.7.1 Let us define the L2-projection operator P h onto
Y h, i.e. for all ϕ ∈ L2(Γ):
P hϕ ∈ Y h and
∫
Γ
(
ϕ− P hϕ) · ψh dΓ = 0, ∀ψh ∈ Y h. (3.107)
For every ϕ ∈ H1/2(Γ), we have
‖ϕ− P hϕ‖−1/2,Γ = sup
ψ∈H1/2(Γ)
〈
ϕ− P hϕ, ψ〉−1/2,1/2,Γ
‖ψ‖1/2,Γ . (3.108)
where ‖ψ‖1/2,Γ 6= 0. Since ϕ− P hϕ belongs to the orthogonal to Y h, then
‖ϕ− P hϕ‖−1/2,Γ = sup
ψ∈H1/2(Γ)
∫
Γ
(
ϕ− P hϕ) · (ψ − P hψ ) dΓ
‖ψ‖1/2,Γ . (3.109)
Using the Cauchy-Schwarz inequality
‖ϕ− P hϕ‖−1/2,Γ ≤ ‖ϕ− P hϕ‖0,Γ sup
ψ∈H1/2(Γ)
‖ψ − P hψ‖0,Γ
‖ψ‖1/2,Γ . (3.110)
Moreover, the element P hψ satisfies, for all ψ ∈ Y h
‖ψ − P hψ‖0,Γ ≤ ‖ψ − ψh‖0,Γ, (3.111)
then, for the particular choice ψh = Πhψ in (3.110), we have
‖ϕ− P hϕ‖−1/2,Γ ≤ ‖ϕ− Πhϕ‖0,Γ sup
ψ∈H1/2(Γ)
‖ψ − Πhψ‖0,Γ
‖ψ‖1/2,Γ . (3.112)
Since P hϕ belongs to Y h, the better approximation error is bounded as follows
inf
ϕh∈Y h
‖ϕ− ϕh‖−1/2,Γ ≤ ‖ϕ− P hϕ‖−1/2,Γ. (3.113)
Therefore, the estimate (3.112) reads
inf
ϕh∈Y h
‖ϕ− ϕh‖−1/2,Γ ≤ ‖ϕ− Πhϕ‖0,Γ sup
ψ∈H1/2(Γ)
‖ψ − Πhψ‖0,Γ
‖ψ‖1/2,Γ . (3.114)
Finally, applying Lemma 3.7.4 leads to
inf
ϕh∈Y h
‖ϕ− ϕh‖−1/2,Γ ≤ Ch‖ϕ‖1/2,Γ. (3.115)
¤
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Figure 3.5: Regular mesh and enriched surface.
3.8 Convergence error
This section presents the convergence result of the XFEM method with the integral
matching on Γ. Both, the abstract error estimate (Section 3.6) and the approxima-
tion property of the discontinuous multipliers (Section 3.7) lead to the proof of the
following theorem.
Theorem 3.8.1 Let (u, λ) be the solution to Problem (3.5). Suppose that
λ ∈ H1/2(Γ), (3.116)
and there exists ² > 0 such that
ur = u− us ∈ H2+²(Ω), ∀² > 0. (3.117)
Then the solution (uh, λh) to Problem (3.29)) satisfies
‖u− uh‖V + ‖λ− λh‖−1/2,Γ ≤ Ch
(‖u− us‖2+²,Ω + ‖λ‖1/2,Γ) , (3.118)
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where C is a generic constant independent of h.
Figure 3.6: Von Mises stress for a mode I problem using P1 elements with the integral
matching XFEM.
Proof. Using Proposition 3.6.1 we have
‖u− uh‖2V + ‖λ− λh‖2−1/2,Γ ≤ C
{
inf
vh∈Vh
‖u− vh‖2V + inf
µh∈Wh
‖λ− µh‖2−1/2,Γ
}
≤ C {‖u− Ihu‖2V + ‖λ− Πhλ‖2−1/2,Γ} ,
(3.119)
where Ihu denotes the XFEM interpolation function of u defined in Chapter 2. Then
‖u− uh‖2V + ‖λ− λh‖2−1/2,Γ ≤ C
{‖u− Ihu‖2V1 + ‖u− Ihu‖2V2 + ‖λ− Πhλ‖2−1/2,Γ} .
(3.120)
First, by adding the local error estimates given in Chapter 2 for the XFEM
interpolation function Ih (on triangles totally enriched by H and those non-enriched
by H), we prove that
‖u− Ihu‖2Vk ≤ Ch2‖u− us‖22+²,Ωk , k ∈ {1, 2}. (3.121)
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Figure 3.7: Von Mises stress for a mode I problem using P1 elements with the surface
enrichment XFEM.
In addition, Proposition 3.7.1 reads
‖λ− Πhλ‖2−1/2,Γ ≤ Ch‖λ‖21/2,Γ. (3.122)
Consequently, the estimate (3.120) together with the two latter estimates leads to
the theorem result.
3.9 Numerical experiments
The following experiments are performed considering the cracked domain
Ω =]− 0.5; 0.5[×]− 0.5; 0.5[\ΓC ,
where ΓC denotes the crack given by
ΓC = [−0.5; 0]× {0}.
The Dirichlet condition prescribed on the boundary is the exact opening mode dis-
placement field uI (Chapter 1).
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Figure 3.8: L2-error with respect to the number of cells in each direction for a mode
I problem with enriched P1 elements (logarithmic scales).
A P1 finite element method is considered on a structured mesh of Ω (see Figure
3.5). Note that it is the same mesh used for the numerical experiments of Chapter
2. The singular enrichment area is chosen as the set of elements contained in the
ball B(x∗, 0.2), where x∗ denotes the crack tip. An example of such a mesh and a
representation of the enrichment surface are shown in Figure 3.5. The numerical
tests are implemented using GETFEM++, the object oriented C++ finite element
library ([RPem]).
Figure 3.6 shows the Von Mises stress on the deformed structure. Around the
crack tip and on the enriched surface, the level-set curves of the Von Mises are con-
tinuous through the elements due to the exact singular enrichment. This is not the
case of the same problem simulated by XFEM with the same enrichment area radius
(see Figure 3.7). XFEM with integral matching improves the approximation around
the crack tip and at the transition layer.
Figure 3.8 and 3.9 show a comparison between the error convergence curves of
the classical XFEM with surface enrichment, XFEM with a cut-off function (see
Chapter 2) and XFEM with integral matching for the L2-norm and the H1-norm.
These errors are computed with respect to the subdivisions number ns in each di-
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Figure 3.9: H1-error with respect to the number of cells in each direction for a mode
I problem with enriched P1 elements (logarithmic scales).
rection (ns = 1/h).
Figure 3.11 shows the stress intensity factorKI computations using the J-integral
and the contour integral for an exact solution given by P (x)+3uI+5uII , where P (x)
is a given regular solution on the non-cracked domain (see [MDB99] for the computa-
tion of the contour integral). The convergence curves for the classical FEM, XFEM
with cut-off function and XFEM with surface enrichment are smooth but overes-
timating the exact value of KI , while XFEM with integral matching is oscillating
around this value. Moreover, the XFEM approaches show an optimal convergence
rate although the displacement field is singular at the crack tip.
Now, let Ω be a cracked polygonal domain. We consider a non-structured mesh
of Ω (see Figure 3.10). The Von Mises stress over the deformed domain is shown in
Figure 3.12. Figures 3.13 and 3.14 show the L2-error and the H1-error convergence
curves for the classical XFEM with surface enrichment, XFEM with cut-off function
and XFEM with integral matching.
The convergence rate of the three compared strategies is of order h for the energy
norm and of order h2 for the L2-norm, which are the optimal rates (obtained when
using a classical finite element method on a regular non-cracked domain). Further-
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Figure 3.10: Non-structured mesh of a polygonal cracked domain.
more, the error values of XFEM with integral matching are lower than those of the
two other methods. In fact, the computed error for the cut-off enrichment depends
on the norm of the second order derivative of the cut-off function, i.e. on the tran-
sition layer between the enriched and the non-enriched elements (see Chapter 2). In
the classical surface enrichment strategy, there exists also a transition layer defined
on the elements partially enriched by the singular functions. On the contrary, the
integral matching approach removes this layer and replaces it by a non-conformal
matching condition on the boundary of the enriched surface. This is pointed out
in Figure 3.15 that shows the error variation along the vertical line x = 0.1 for
XFEM with cut-off enrichment, the classical XFEM with surface enrichment and
XFEM with integral matching. The latter method offers the lower error around the
transition layer (at y = 0.2 and y = −0.2). This explains the better accuracy of the
approximation noticed in Figures 3.8, 3.9, 3.13 and 3.14.
Moreover, the globalized enrichment reduces significantly the computational cost
with respect to classical surface enrichment XFEM. This is the case of XFEM with
cut-off enrichment function. With respect to the latter, the integral matching adds
only few degrees of freedom corresponding to the multiplier. Some examples of the
evolution of the computational cost for different P1 XFEM strategies are shown are
Table 3.1.
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Figure 3.11: Relative error with respect to the number of cells in each direction with
enriched P1 elements (logarithmic scales).
On the other hand, since the integral matching is a globalized enrichment strat-
egy, it does not degrade the condition number of the associated linear system (see
Figure 3.16). Moreover, the sparsity of the stiffness matrix is kept because the sin-
gular enrichment is present only in few corresponding lines.
Table 3.1: Number of degrees of freedom.
Number of cells FEM XFEM XFEM XFEM
in each direction surface enrichment cut-off integral matching
40 3402 4962 3410 3508
60 7508 11014 7510 7656
80 13202 19578 13210 13404
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Concluding remarks
Finally, thanks to the integral bonding condition that removes the transition layer,
the quality of the approximation is enhanced with respect to XFEM with surface
enrichment and to the cut-off strategy. The mathematical error estimates are opti-
mal and they does not depend on the "regularity" of the transition area. This leads
to a significant decrease of the error level.
Figure 3.12: Von Mises stress for mixed modes using P2 elements.
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Figure 3.13: L2-error with respect to the number of cells in each direction for mixed
modes problem with enriched P1 elements (logarithmic scales).
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Figure 3.14: H1-error with respect to the number of cells in each direction for mixed
modes problem with enriched P1 elements (logarithmic scales).
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Figure 3.15: Error variation along the vertical line x = 0.1.
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Figure 3.16: Condition number of the stiffness matrix with respect to the number of
cells in each direction for a mode I problem.

Chapter 4
Spider Extended Finite Element
Method
4.1 Introduction
Extended finite element methods had shown their accuracy and revealed as be-
ing efficient strategies when modeling cracked domains (see [MDB99] and [MB99]).
XFEM widened the capabilities of classical finite element methods and allowed to
gain an optimal convergence rate while reducing considerably the error level (see
[BMMB05] and [LRPS05]). Meanwhile, this remarkable performance is not totally
free. The price to pay would be, at the first place, the a priori knowledge of the first
terms of the displacement field asymptotic expansion at the crack tip, to be used as
singular enrichment. This requires the implementation of singular basis functions
that generates the exact solution. Moreover, the computational cost increases with
the number of the enrichment basis functions. Thus, the extended finite element
methods become less interesting when the number of the singular enrichment func-
tions augments.
This is the case when dealing with bi-material interface cracks (when the crack
is located on the interface between two different materials). The first term of the
displacement field asymptotic expansion at the crack tip of an interface crack is
generated by sixteen independent singular functions (see [SHPS04], [Gri92]). There-
fore, extended finite element methods are very expensive in such cases regarding
their implementation and their computational cost.
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The present chapter, which was accepted for publication (see [CLR08]), is ded-
icated to the introduction and the analyze of a new variant of XFEM, the Spider
XFEM that allows to deal with such cases. This method requires a partial knowl-
edge on the form of the asymptotic displacement. Only the dependence in r of the
singularity is needed. Meanwhile, the dependence in θ is approximated by a classical
finite element method defined over a "circular" mesh (the spider mesh). Therefore,
the interest of the method is to avoid the enrichment of the finite element space with
the complete asymptotic displacement when the latter is too much complicated or
when its complete expression is not available. There is some similarities with the
patches enrichment approach proposed in [GHRW03] (see Chapter 1).
In the present chapter we give a mathematical result of a priori error estimate
which allows to analyze the abilities of the method. These results are validated
by some numerical computations and comparisons with the classical finite element
method and the classical XFEM for an isotropic and for a bi-material interface crack.
4.2 The Spider eXtended Finite Element Method
We denote Ω ⊂ R2 the reference configuration of a cracked linearly isotropic elastic
body in plane stress approximation. The boundary of Ω, denoted ∂Ω, is partitioned
into three parts ΓD, ΓN and ΓC . A Dirichlet condition is prescribed on ΓD and a
Neumann one on ΓN and ΓC . The part ΓC of the boundary is representing the crack
(see Figure 4.1).
crack tip
ΓD
ΓC
ΓN
Ω
.
Figure 4.1: The cracked domain Ω.
Let
V = {v ∈ H1(Ω) : v = 0 on ΓD}, (4.1)
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be the space of admissible displacements and let us define
a(u, v) =
∫
Ω
Dε(u) : ε(u) dx, (4.2)
L(v) =
∫
Ω
ξ · v dx +
∫
ΓN
ζ · v dΓ (4.3)
where D is the operator of elastic coefficients, ε(u) is the linearized strain tensor, ξ
and ζ are some given force densities on Ω and ΓN respectively, and λ > 0, µ > 0 are
the Lamé coefficients (which may have different values on one side and on the other
side of the crack for the bi-material case). The elasticity problem reads as
Find u ∈ V such that a(u, v) = L(v) ∀v ∈ V . (4.4)
We suppose that the solution u to this problem is a sum of a regular part and a
non-smooth part
u = urd + us, (4.5)
such that urd is regular in the sense urd ∈ H2+²(Ω) for a fixed ² > 0 (see [LM, Ada75]
for the definition of Hs(Ω), s ∈ R) and us is of the form
us = (r
αfi(r)gi(θ))i∈{1,2} , (4.6)
where (r, θ) are the polar coordinates relatively to the crack tip, (fi)i∈{1,2}, (gi)i∈{1,2}
are some regular functions and α ≥ 1/4.
This assumption is satisfied in the homogeneous case at least when ξ, ζ are
sufficiently smooth, for a straight crack and when the non-cracked domain Ω has a
regular boundary (see [Gri92, Gri86]). In this case, for which α = 1/2, the expres-
sion of the asymptotic displacement is available in many references such as [LC94]
(see also Chapter 1). Note that, when Ω admits some corners, some additional non-
smooth displacements may appear at these corners which may also be taken into
account with additional enrichment in an XFEM like approach.
The main idea of Spider XFEM is to approximate the non-smooth behavior
around the crack tip of Ω by another overlapping mesh. We consider a Lagrange finite
element method defined on a regular family of triangulation T h of the non-cracked
domain Ω (the coarse mesh). In accordance with the XFEM method [MDB99], the
appropriate degrees of freedom of T h are enriched using a Heaviside function H
equal to 1 on one side of the crack and −1 on the other side. This means that the
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regular part of the displacement field is approximated by a linear combination of
the form (see Chapter 1) ∑
i∈I
aiϕi +
∑
i∈IH
biHϕi, (4.7)
where ai, bi ∈ R2, I is the set of the indices of the classical finite element nodes,
IH is the set of the indices of the nodes enriched by the Heaviside function and ϕi
denotes the shape functions of the scalar finite element method.
We define now another rectangular domain Ωc = ] − pi, pi[×]0, r1[ in a cartesian
coordinate system in r and θ (see Figure 4.2). Then, we consider a bilinear Lagrange
finite element method defined on a structured mesh composed of quadrilaterons Qhc
of Ωs (hc is the size of the quadrilaterons). In order to take into account the non-
smooth part rα, the shape functions of this finite element method are multiplied
by the term rα. Then, we apply a geometric transformation to Ωc defined by{
x = r cos θ + x0,
y = r sin θ + y0,
(4.8)
(x0, y0) being the coordinates of the crack tip. This allows us to have a "circular"
mesh denoted Ωs as depicted in Figure 4.2. In order to make a smooth transition
between the enriched area and the non-enriched one, we introduce aW 3,∞(Ω) cut-off
function χ which satisfies for 0 < r0 < r1 (see Chapter 2)
χ(r) = 1 if r < r0,
0 < χ(r) < 1 if r0 < r < r1,
χ(r) = 0 if r1 < r,
(4.9)
which can be, for instance, a piecewise fifth degree polynomial in r. The asymptotic
displacement at the crack tip is approximated on Ωs by a linear combination of the
form ∑
i∈Is
ciψi(r, θ)χ(r), (4.10)
where ci ∈ R2, Is is the set of the indices of the finite element nodes on Ωs and
ψi(r, θ) is obtained by applying the geometric transformation to the finite element
shape function of the bilinear finite element method defined on Qhc . The shape
functions ψi can be written as follows:
ψi(r, θ) = r
αpj(r)qk(θ), (4.11)
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where pj(r) and qk(θ) are some piecewise first degree polynomial which represent
the shape functions of a P1 finite element method defined on [0, r0] and [0, 2pi],
respectively. Finally we overlap Ω and Ωs such that the center of Ωs coincides with
the crack tip, and the two sides pi and −pi coincides with the crack (Figure 4.3).
Thus, the resulting finite element approximation space on Ω can be written
Vh =
{
vh : vh =
∑
i∈I
aiϕi+
∑
i∈IH
biHϕi+
∑
i∈Is
ciψi(r, θ)χ(r); ai, bi, ci ∈ R2
}
. (4.12)
Geometric transformation
θ
r
+pi
−pi
r1
+pi
−pi
Ωs
Ωc
.
Figure 4.2: Geometric transformation
Figure 4.3: The resulting mesh
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The discrete problem reads as
Find uh ∈ Vh such that a(uh, vh) = L(vh) ∀vh ∈ Vh. (4.13)
4.3 Error estimates
In order to establish an a priori error estimate, we first define an adapted interpo-
lation operator. It is based, as in Chapter 2, on a decomposition of the solution u
to Problem (4.4) as follows:
u = ur + χus. (4.14)
The part ur = urd + (1 − χ)us is still regular in the sense ur ∈ H2+²(Ω) because
(1 − χ)us vanishes in a vicinity of the crack tip and is regular elsewhere. The
expression of the interpolation operator on the whole domain Ω is the following:
Πhu =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
∑
i∈Is
ciψi(r, θ)χ(r). (4.15)
The coefficients ai ∈ R2, bi ∈ R2 are determined by:
if i ∈ {I \ IH}, then ai = ur(xi),
if i ∈ IH and xi ∈ Ωk then (l 6= k)
{
ai =
1
2
(
ukr(xi) + u˜
l
r(xi)
)
,
bi =
1
2
(
ukr(xi)− u˜lr(xi)
)
H(xi),
(4.16)
where xi denotes the node associated to ϕi, and where it is assumed that there exists
a continuation of the crack which splits Ω into two parts denoted Ω1 and Ω2. The
notations u1r, u2r stand for the restriction of ur to Ω1 and Ω2 respectively and u˜1rd,
u˜2rd ∈ H2+²(Ω) are some given regular extensions on Ω of u1r and u2r respectively.
The coefficients ci ∈ R2 are simply defined by
ci = r
−α
i us(ri, θi), (4.17)
where (ri, θi) is the finite element node corresponding to ψi.
An estimate of the regular part is presented in Chapter 2. It holds for a constant
C > 0 independent of h (for a straight crack):
‖ur − Πhur‖1,Ω ≤ Ch‖ur‖2+²,Ω, (4.18)
where ‖.‖s,Ω stands for the norm of the space Hs(Ω). Thus, it remains to estimate
‖χus − Πhχus‖1,Ω = ‖χ(us −
∑
i∈Is
ciψi)‖1,Ω, (4.19)
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which has only a contribution inside the enriched area (r < r1). The following
lemma gives a first estimate of this term.
Lemma 4.3.1 If α ≥ 1/2, then there exists C > 0 a constant independent of hc
(but which may depend on r0 and |||χ||| = 1 + sup
0≤r≤r0
|χ′(r)|) such that denoting
es = r
−α(us −
∑
i∈Is
ciψi),
the following estimate holds:
‖χrαes‖1,Ω ≤ C (‖es‖0,Ωc + ‖r∂res‖0,Ωc + ‖∂θes‖0,Ωc) . (4.20)
If 1/4 ≤ α < 1/2, then there exists C > 0 a constant independent of hc such that
the following estimate holds:
‖χrαes‖1,Ω ≤ C
(‖es‖L4(Ωc) + ‖r∂res‖L4(Ωc) + ‖∂θes‖L4(Ωc)) , (4.21)
where ‖ · ‖L4(Ωc) denotes the norm of the space L4(Ωc).
Proof. One has, for some constant C > 0 independent of hc
‖χrαes‖1,Ω ≤ C|||χ||| ‖rαes‖1,Ωs . (4.22)
But
‖rαes‖21,Ωs =
∫
Ωs
(rαes)
2 dx+
∫
Ωs
|∇(rαes)|2 dx
=
∫
Ωc
r2α−1
(
r|es|2 + |αes + r∂res|2 + |∂θes|2
)
drdθ
If α ≥ 1/2 the term r2α−1 can be bounded by r2α−10 which gives the first estimate
and if 1/4 ≤ α < 1/2 the second estimate is obtained thanks to Cauchy-Schwarz
inequality. ¤
4.3.1 The regular case
Standard results on Lagrange interpolation operator (see [Cia78, EG02]) together
with Lemma 4.3.1 lead to the following result.
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Proposition 4.3.2 If α ≥ 1/2, fi ∈ H2(0, r0) and gi ∈ H2(0, 2pi) (i ∈ {1, 2}), then,
for
es = r
−α(us −
∑
i∈Is
ciψi),
the following estimate holds:
‖χrαes‖1,Ω ≤ Chc
2∑
i=1
‖fi(r)gi(θ)‖2,Ωc . (4.23)
If 1/4 ≤ α < 1/2, fi ∈ H2(0, r0) and gi ∈ H2(0, 2pi) (i ∈ {1, 2}) then the following
estimate holds:
‖χrαes‖1,Ω ≤ Chc
2∑
i=1
‖fi(r)gi(θ)‖W 2,4(Ωc) , (4.24)
where W 2,4(Ωc) is the standard Sobolev space (see [LM, Ada75]).
This result indicates that if the functions fi and gi are some regular functions
with respect to r and θ respectively then, the Spider XFEM allows to have an
optimal convergence rate provided that hc is of the same order of h (i.e. ∃ c > 0,
hc ≤ ch).
Note that in the homogeneous case (constant lamé coefficients), functions fi
are not necessary. Thus, the functions pj(r) can be omitted in the definition of
ψi (4.11). Which means that only a discretization with respect to the variable θ
is necessary. This, of course, greatly reduces the number of degrees of freedom
necessary to represent the asymptotic behavior of the displacement.
4.3.2 The bi-material case
In the bi-material case (lamé coefficients having different values from one side of the
crack to the other), the typical form of the asymptotic displacement at the crack
type is (see [Ric88, CX07] for instance)
√
r sin(β log r)g˜(θ) +
√
r cos(β log r)g(θ), (4.25)
where g˜ and g are some regular (trigonometric) functions of θ. Unfortunately, the
functions sin(β log r) and cos(β log r) are not sufficiently regular for the result of the
previous section to apply. A rapid analysis allows to note that the term ‖r∂res‖0,Ωc
in Lemma 4.3.1 only gives a convergence rate of order
√
hc.
The conclusion of this mathematical analysis is that it seems necessary to enrich
the Spider XFEM with the whole non-smooth behavior in r. In the bi-material case,
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Figure 4.4: A structured triangulation of the domain Ω.
both the enrichment with √r sin(β log r) and with √r cos(β log r) are necessary.
However, once these enrichments are considered, no supplementary dependence of
the Spider XFEM in r is necessary, similarly to the previous section. Thus, the
necessary enrichment in order to obtain an optimal convergence rate is given by the
following definition of functions ψki :
ψ1i =
√
r sin(β log r)qi(θ), ψ
2
i =
√
r cos(β log r)qi(θ). (4.26)
The resulting enriched finite element space is
Vh =
{
vh =
∑
i∈I
aiϕi+
∑
i∈IH
biHϕi+
∑
i∈Is
2∑
k=1
cikψ
k
i (r, θ)χ(r); ai, bi, cik ∈ R2
}
. (4.27)
4.4 Numerical experiments
A special care has to be taken for the integration method when using a Spider
XFEM type enrichment. First the polar integration method is used as in all the
XFEM approaches in order to reduce the error while integrating the r1/2 singu-
larity (see Chapter 1). Then, the method should be sufficiently refined to allow
the interpolation on the spider mesh. In fact, the integration points are chosen on
the coarse mesh and used to interpolate the solution on the spider mesh. There-
fore, after overlapping the two meshes, these points should be sufficiently numerous
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Figure 4.5: Von Mises stress for a mode I problem with a homogeneous material.
in order to have at least one integration point inside each element of the spider mesh.
The computational tests are performed on the simple non-cracked domain
Ω =]− 0.5; 0.5[×]− 0.5; 0.5[,
and with a crack being the line segment
ΓC = [−0.5; 0]× {0}.
The first tests are done for an homogeneous material. The opening mode displace-
ment field is the exact solution prescribed as a Dirichlet condition on the domain
boundary. This solution is shown on Figure 4.5. The cut-off function is a piecewise
fifth degree polynomial with r0 = 0.01 and r1 = 0.4 (see [4.9]). The computations
are made with the Spider XFEM as described in Section 4.2 and with the classical
XFEM with a fixed enrichment area both on a structured triangulation as depicted
on Figure 4.4. We make the use of the C++ finite element library GETFEM++
(see [RPem]).
4.4. NUMERICAL EXPERIMENTS 101
9 15 19 25 29 35 39 45 49 5559 65
2.56%   
5.12%   
10.24%  
20.48%  
40.96%  
81.92%  
163.84% 
327.68% 
Number of cells in each direction
L2
 
re
la
tiv
e 
er
ro
r
 
 
SpiderXfem, enrichment radius = 0.4, slope = −2.0916
Classical XFEM, enrichment radius = 0.2, slope = −1.9763
Figure 4.6: L2-error with respect to the number of cells in each direction for a mode
I homogeneous crack problem with enriched P1 elements (logarithmic scales). For
the Spider XFEM we consider hc = h/2.
Figures 4.6 and 4.7 shows the convergence curves for an isotropic homogeneous
cracked domain in L2-norm and H1-norm (energy norm). The two mesh parameters
for the Spider XFEM are taken proportional (hc = h/2). The convergence rate is
optimal for both the two methods. The classical XFEM still gives slightly better
results than the Spider XFEM. However, only a partial knowledge of the asymptotic
displacement is used with the Spider XFEM. Moreover, the condition number of the
stiffness matrix is greatly better in the case of the Spider XFEM as shown on Figure
4.8.
The second experiment is about a bi-material interface crack. The mesh and
the domain geometry are the same used in the latter test. Figure 4.9 shows the
Von Mises stress on the deformed structure of the cracked domain. Figure 4.10 and
4.11 shows the convergence curve for a bi-material interface crack in L2-norm and
H1-norm. The Spider XFEM enrichment considered here is the one given in Section
4.3.2 and the comparison is done with respect to a refined classical finite element
solution. The optimal convergence rate is obtained as in the isotropic homogeneous
case even though all the dependency of the singular part of the solution in θ is
approximated. Figure 4.12 shows a comparison between the condition number of
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Figure 4.7: L2-error with respect to the number of cells in each direction for a mode
I homogeneous crack problem with enriched P1 elements (logarithmic scales). For
the Spider XFEM we consider hc = h/2.
the Spider XFEM and a classical finite element method. The use of the Spider
XFEM increase slightly the conditioning because of the enrichment but it remains
reasonable even when the mesh parameter tends to zero.
Concluding remarks
The presented theoretical and numerical studies emphasize that with the proposed
strategy, the dependence in r of the asymptotic displacement has to be known and
added to the expression of the enrichment functions. Conversely, the dependence in θ
can be approximated with a one-dimensional finite element. Note that a spectral ap-
proximation should also be possible, even if it leads to a more dense stiffness matrix.
The coefficients α from (4.6) and β from (4.25) are determined by a transcendental
equation whose solution is α + iβ (see [CX07] for instance). The advantage of the
proposed method is that it is sufficient to find α and β. Indeed, the search of the
complete expression of the asymptotic displacement and the extraction of a base in
the classical XFEM approach can be a complex process which is avoided with the
Spider XFEM.
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Figure 4.8: Condition number of the stiffness matrix with respect to the number of
cells in each direction for a homogeneous crack.
The conclusions of sections 4.3.1 and 4.3.2 indicate that, in most of the cases,
one can make the economy of the finite element method describing the dependence
in r of the Spider XFEM (i.e. pj(r) can be omitted in (4.11)). However, it can also
be advantageous to keep it. Indeed, the higher degree non-smooth modes describ-
ing the asymptotic displacement at the crack tip differ from an integer power of r
compared to the first one. So, according to the theoretical results, by keeping the
finite element method in r the whole asymptotic displacement is optimally approx-
imated, not only the first non-smooth mode. This could be an interesting property,
especially to build higher order finite element methods.
A perspective to improve the method is to replace the use of a cut-off function
by a pointwise or an integral matching condition. This usually leads to a better
approximation (see [LRPS05] and Chapter 3).
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Figure 4.9: Von Mises stress using P2 elements for a bi-material interface crack.
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Figure 4.10: L2-error with respect to the number of cells in each direction for a
bi-material interface crack with enriched P1 elements (logarithmic scales). For the
Spider XFEM we consider hc = h/2.
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Figure 4.11: H1-error with respect to the number of cells in each direction for a
bi-material interface crack with enriched P1 elements (logarithmic scales). For the
Spider XFEM we consider hc = h/2.
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Bimaterial interface crack test
SpiderXfem, enrichment radius = 0.4, slope = −0.91444
Classical FEM, slope = −0.67817
Figure 4.12: Condition number of the stiffness matrix with respect to the number of
cells in each direction for a bi-material interface crack. For the Spider XFEM we
consider hc = h/2.

Chapter 5
Reduced Basis enrichment Extended
Finite Element Method
5.1 Introduction
So far, modeling cracked domains with XFEM approaches required a knowledge on
the exact singular displacement at the crack tip. This becomes a very serious diffi-
culty when the singularity at the crack tip is complicated or even unknown, e.g. for
a bi-material interface crack. These issues where pointed out in Chapter 4 where
we have introduced the Spider XFEM, that needs only a partial knowledge on the
singularity.
Besides XFEM approaches, many ideas were introduced and studied aiming to
handle singularities better than classical finite element methods, and this, by using
some refined pre-computed solutions. Let us cite for example the Generalized Fi-
nite Element Method (GFEM) (see [SBC00a] and [SBC00b]). The idea of GFEM is
to enrich the finite element space by pre-computed numerical functions within the
framework of the partition of unity method (see [MB96]).
Furthermore, another alternative, the so-called Reduced Basis method, has been
introduced the first time by Noor and Peters [NP02] in 1980. Then, the idea was
developed by Maday and Rønquist in [MR02]. This method uses some pre-computed
generic solutions as basis functions for the approximation. These numerical func-
tions are obtained, once for all, for some values of parameters depending on the ma-
terial characteristics, geometric properties... Therefore, the reduced basis method
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decreases the number of degrees of freedom associated to a numerical solution to a
partial differential equation. Meanwhile, we need sufficient number of pre-computed
functions, relatively independent the ones from the others, in order to generate a
good approximation. Besides, such a choice should improve the accuracy of the
method and reduce, in the same time, the computational cost. The reduced ba-
sis method allows to obtain a good approximation of the solution using some pre-
computations instead of a large number of degrees of freedom for some complex
systems.
The aim of the present chapter is to offer more flexibility to the classical XFEM
for complex crack problems. Inspired by the Reduced Basis method, the Reduced
Basis enrichment eXtended Finite Element Method (RB-XFEM) is an XFEM vari-
ant with a reduced basis type singular enrichment. Its goal is to reduce the degrees of
freedom number of the classical XFEM. It can also be used when the exact solution
is unknown. In RB-XFEM, the exact singular enrichment is replaced by some finite
element functions pre-computed on very refined meshes. These functions should be
able to approximate accurately the singularity. They are computed once for all and
are relatively not numerous with respect to the classical XFEM problem in complex
situations.
We prove in this chapter that an optimal convergence rate is obtained with
RB-XFEM when the pre-computed functions are sufficiently accurate. In order to
illustrate RB-XFEM, some numerical experiments are presented for a homogeneous
isotropic crack and for a bi-material interface crack.
5.2 Reduced extended finite element method via a
cut-off function
Let Ω be a bounded cracked planar domain, ΓC denotes the crack assumed to be
straight. Let x∗ be the crack tip and ΓD (resp. ΓF ) a Dirichlet boundary (a Neu-
mann boundary), see Figure 5.1.
The solution u to the linear elasticity problem defined on Ω can be written as a
5.2. RB-XFEM VIA A CUT-OFF FUNCTION 109
sum of a regular part on Ω and a singular one us around the crack tip (Chapter 1)
us = KIuI +KIIuII , (5.1)
where the vector field uI (resp. uII) denotes the fracture opening mode (resp. shear
mode) and the scalars KI and KII are the corresponding stress intensity factors
([LC94], [Gri92]).
Figure 5.1: The cracked domain Ω.
We assume that Ω is a polygonal domain. Let Th be a regular family of trian-
gulations (in the sense of Ciarlet [Cia78]) of the non-cracked domain Ω (h being
the mesh parameter). Let us emphasize that the mesh is independent of the crack
path. Let (ϕi)i∈I be the P1 scalar basis functions of a classical finite element method
defined on Th. In order to localize the singular enrichment, we consider ΩC ⊂ Ω a
polygonal subdomain of simplified geometry, containing the crack tip. Let χ be a
cut-off function satisfying
χ(r) = 1 if r < r0,
0 < χ(r) < 1 if r0 < r < r1,
χ(r) = 0 if r1 < r,
(5.2)
where r0, r1 are two parameters (0 < r0 < r1) such that the ball B(x∗, r1) is included
in ΩC . Assume that
χ ∈ W 3,∞(Ω). (5.3)
The definition of the Sobolev space W 3,∞(Ω) can be found in [Ada75].
The RB-XFEM displacement field will be defined as
uh =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
2∑
j=1
cjwjχ, (5.4)
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where ai, bi ∈ R2 and cj ∈ R are the degrees of freedom. In this expression, the
discontinuity of the displacement field along the crack is taken into consideration by
the presence of the enrichment functions ϕiH where H is a step function given by
(n denoting a given unit normal to the crack)
H(x) =
 +1 if (x− x
∗) · n ≥ 0,
−1 elsewhere,
(5.5)
and (ϕi)i∈IH the shape functions whose support is totally cut by the crack. Moreover,
the vector enrichment functions (wj)j∈{1,2} are some chosen pre-computed functions
defined on ΩC and approximating the singular part us of the solution.
In order to model an homogeneous planar crack problem, we will use only two
pre-computed numerical functions w1 and w2 approximating wI and wII which are
two exact solutions of a boundary problem defined on ΩC . These solutions should
contain large information about the opening mode and the shear mode solutions.
Furthermore, the functions w1 and w2 are classical finite element approximations
computed on a very refined mesh of ΩC whose parameter is denoted h′ (see Figure
5.2). The approximate singular part for the RB-XFEM solution (5.4) can be written
then
uh
′
s = (c1w1 + c2w2)χ. (5.6)
Refinedmesh for the
pre-computed solutions
Coarse mesh
Crack
Figure 5.2: Reduced XFEM enrichment strategy.
If we consider the case of a bi-material interface crack ([Dup04]), the number
of singular functions generating the exact singularity increases significantly with re-
spect to the homogeneous case ([Gri92], [Gri86]). Then the classical XFEM becomes
very expensive to model bi-material cracks ([SHPS04]). By adopting RB-XFEM, we
consider again a singular enrichment as in the homogeneous case, i.e. two functions
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w1 and w2 approximating an opening mode and a shear mode. Of course, one may
consider a more sophisticated approximation with more pre-computed functions.
Consequently, the RB-XFEM is cheaper than the classical XFEM for modeling a
complex asymptotic displacement.
Remark. Equation (5.4) is a general formulation for an XFEM type approach
with a cut-off enrichment. In this latter method, the functions wj are given by
the functions Fj that generate the exact singular displacement at the crack tip (see
Chapter 2). Meanwhile, in RB-XFEM, wj are classical finite element approxima-
tions of this singularity. ¤
5.3 Error estimates
We recall the variational formulation of the linear elasticity problem given in Chapter
1 for a planar cracked domain Ω.
Find u ∈ V such that a(u, v) = L(v) ∀v ∈ V , (5.7)
where
V = {u ∈ H1(Ω) : u = 0 on ΓD}, (5.8)
a(u, v) =
∫
Ω
Dε(u) : ε(v) dx, (5.9)
and
L(v) =
∫
Ω
g · v dx+
∫
ΓN
f · v dΓ. (5.10)
where D is the operator of elastic coefficients, ε(u) is the linearized strain tensor
and g and f denote some given force densities on Ω and ΓN respectively.
Assuming that f and g are sufficiently smooth in Ω, we suppose that the solution
u of the elasticity problem (5.7) can be written as a sum of a singular part us around
the crack tip and a regular part in Ω satisfying for a fixed ² > 0 (see Chapter 2,
[Gri92]):
u− χus = u− χ(KIuI +KIIuII) ∈ H2+²(Ω), (5.11)
This assumption is satisfied in the homogeneous case for a straight crack and when
the uncracked domain Ω has a regular boundary. In this case, we recall that
uI , uII ∈ H3/2−η(Ω), ∀η > 0. (5.12)
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Note also that, since Ω admits some corners, some additional nonsmooth displace-
ments may appear at these corners which may also be taken into account with
additional enrichment in an XFEM like approach. We neglect this aspect in this
study and consider that the solution is smooth outside the crack tip. Furthermore,
we will need the following regularity property
uI , uII ∈ C∞(Ω \ ΓC ;R2), (5.13)
which is satisfied only for a homogeneous cracked domain.
Using the notations of Section 5.2, the discrete variational formulation of Problem
(5.7) can be written
Find uh ∈ Vh such that a(uh, vh) = L(vh) ∀vh ∈ Vh, (5.14)
where Vh is the RB-XFEM discrete space given by
Vh =
{
vh =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
2∑
j=1
cjwjχ; ai, bi ∈ R2, cj ∈ R
}
. (5.15)
The pre-computed finite element function w1 (resp. w2) approximating wI (resp.
wII) will be written as the sum of the exact solution and an approximation error: w1 = wI + ε1,w2 = wII + ε2, (5.16)
where εj are the approximation errors.
Since wI and wII are exact solutions to an elasticity problem considered on the
cracked domain ΩC , they can be written as follows (see [Gri92]) wI = wIr + d
1
IuI + d
1
IIuII ,
wII = wIIr + d2IuI + d2IIuII ,
(5.17)
where djI and d
j
II are scalars and wIr (resp. wIIr) denotes the regular part of wI
(resp. wII). We suppose that
wIr, wIIr ∈ H2+²(ΩC). (5.18)
The latter assumption together with equation (5.17) and the regularity (5.12) lead
to
wI , wII ∈ H3/2−η(ΩC), ∀η > 0. (5.19)
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Let us note that the scalars d1I and d1II (resp. d2I and d2II ) are the components of wI
(resp. wII) on the vector spaces vect{uI} and vect{uII}. We suppose that∣∣∣∣∣ d1I d2Id1II d2II
∣∣∣∣∣ 6= 0, (5.20)
which means that the two functions wI and wII are linearly independent in a some
sense.
In order to define a RB-XFEM interpolation operator Ih, the singular part of
the interpolate Ihu ∈ Vh of the displacement field u satisfying (5.11) can be written
Ihs u =
2∑
j=1
cjwjχ, (5.21)
where the scalars cj satisfy(
d1I d
2
I
d1II d
2
II
) (
c1
c2
)
=
(
KI
KII
)
. (5.22)
The solution of the latter system is well defined thanks to (5.20).
The regular part of Ih will be defined from the modified regular part ur of the
displacement field u satisfying (5.11)
ur = u− (c1wI + c2wII)χ. (5.23)
By using (5.17) and (5.22) we have
ur = u− (us + c1wIr + c2wIIr)χ. (5.24)
Thanks to the smoothness assumptions (5.18) and (5.3), the functions χwIr and
χwIIr satisfy
χwIr, χwIIr ∈ H2+²(Ω). (5.25)
The latter property, together with the condition (5.11), lead to
ur ∈ H2+²(Ω). (5.26)
Let us recall the extension operator needed for the definition of the interpolation
operator (see Chapter 2). Let Ω be divided into Ω1 and Ω2 according to the crack and
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a straight extension of the crack. Let ukr be the restriction of ur to Ωk, k ∈ {1, 2}.
As a result of the extension operator theorem (see [LM, Ada75]), there exists an
extension u˜kr of ukr on Ω such that
u˜kr ∈ H2+²(Ω), ‖u˜kr‖2+²,Ω ≤ Ck‖ukr‖2+²,Ωk . (5.27)
Definition 5.3.1 Given a displacement field u satisfying (5.11) and two extensions
u˜1r and u˜2r respectively of u1r and u2r in H2+²(Ω), Ihu is the element of Vh such that
Ihu =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi +
2∑
j=1
cjwjχ, (5.28)
where ai and bi are given as follows (xi denotes the node associated to ϕi):
if i ∈ {I \ IH}, then ai = ur(xi),
if i ∈ IH and xi ∈ Ωk then (l 6= k)
{
ai = 12
(
ukr(xi) + u˜
l
r(xi)
)
,
bi = 12
(
ukr(xi)− u˜lr(xi)
)
H(xi),
(5.29)
and cj is defined by (5.22).
A similar construction of an interpolation operator for XFEM with a cut-off
function was introduced in Chapter 2 (Definition 2.4.2). In the expression (5.28) of
the RB-XFEM interpolate, let us denote
Ihr u =
∑
i∈I
aiϕi +
∑
i∈IH
biHϕi. (5.30)
The values (5.29) of ai and bi imply that the regular part Ihr u coincides with the
classical interpolate of ur (resp. of u˜kr) on a non-enriched triangle (resp. on a triangle
totally enriched by the Heaviside function).
The main modification compared to the definition introduced in Chapter 2 is
that the singular part
∑2
j=1 cjwjχ of the RB-XFEM interpolate is an approxima-
tion of the exact asymptotic displacement. Moreover, another difference appears in
the definition (5.23) of ur without changing its regularity.
An error estimate for this type of interpolation operator was obtained in Chapter
2 (Theorem 2.4.1). The following proof is essentially based on that result. In what
follows C denotes a generic constant.
5.3. ERROR ESTIMATES 115
Theorem 5.3.2 Let u be the solution to Problem (5.7) verifying (5.11). Suppose
the precomputed functions fulfil the condition (5.18), then
‖u− Ihu‖1,Ω ≤ C
{
h‖ur‖2+²,Ω + (h′)1/2−η
(‖wI‖3/2−η,ΩC + ‖wII‖3/2−η,ΩC)}, (5.31)
where C = C(χ) is independent of h and h′.
Proof. The RB-XFEM interpolate solution is equal to
Ihu = Ihr u+
2∑
j=1
cjwjχ, (5.32)
from equations (5.28) and (5.30). Then, considering (5.16), one obtains
Ihu = Ihr u+ (c1wI + c2wII)χ+
2∑
j=1
cjεjχ. (5.33)
Now, the definition (5.23) of ur implies that the interpolation error is bounded as
follows:
‖u− Ihu‖1,Ω ≤ ‖ur − Ihr u‖1,Ω +
2∑
j=1
|cj|‖χεj‖1,Ω, (5.34)
This together with (5.26) and the convergence result obtained in Chapter 2 (Theorem
2.4.1) for an XFEM interpolation operator similar to Ihu leads to
‖u− Ihu‖1,Ω ≤ Ch‖ur‖2+²,Ω +
2∑
j=1
|cj|‖χεj‖1,Ω. (5.35)
Now, using the Cauchy-Schwarz inequality and since χ and its derivatives are
bounded, one can write
‖χεj‖1,Ω ≤ C‖εj‖1,ΩC . (5.36)
Moreover, the pre-computed classical finite element solutions w1 and w2 approxi-
mate displacements lying in H3/2−η(ΩC) from equation 5.19). Then, the classical
convergence results allow to bound the approximation errors ε1 and ε2 as follows
(see [Cia78],[EG02])
‖χε1‖1,Ω ≤ C(h′)1/2−η‖wI‖3/2−η,ΩC , (5.37)
and
‖χε2‖1,Ω ≤ C(h′)1/2−η‖wII‖3/2−η,ΩC , (5.38)
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where h′ is the mesh parameter of the refined mesh used to evaluate the pre-
computed functions. Combining the latter estimates with inequality (5.35) allows
to conclude. ¤
Remark. For a bi-material interface crack, the regularity (5.13) is not satisfied
anymore on the interface between the two materials. Therefore, special enrichment
functions should be added to capture the displacement field at this interface.
Corollary 5.3.3 Let u be the solution to Problem (5.7) verifying (5.11) and uh the
solution to Problem (5.14). With the hypotheses of Theorem 5.3.2 and assuming
that ∃c > 0 such that h′ < ch2+4η, we have
‖u− uh‖1,Ω ≤ Ch, (5.39)
where C = C(u, χ,wI ,wII) is a constant independent of h and h′.
Proof. The proof of the corollary is a direct application of the latter theorem
together with Cea's lemma (see [Cia78]).
In fact, using Cea's lemma, there exists C0 ≥ 0 such that
‖u− uh‖1,Ω ≤ C0‖u− vh‖1,Ω, ∀vh ∈ Vh. (5.40)
Since Ihu ∈ Vh, then
‖u− uh‖1,Ω ≤ C0‖u− Ihu‖1,Ω. (5.41)
Using Theorem 5.3.2, the latter reads
‖u− uh‖21,Ω ≤ C
(
h‖ur‖2+²,Ω + (h′)1/2−η
(‖wI‖3/2−η,Ω + ‖wII‖3/2−η,Ω)) . (5.42)
Therefore, the corollary result is established by choosing h′ < ch2+4η (c > 0).
Note that in practice, the latter means that h′ < ch2 is sufficient for the optimal
convergence. ¤
5.4 Numerical experiments
We perform in the following, some numerical experiments to compare the RB-XFEM
to other XFEM type methods. The numerical computations are achieved using the
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Figure 5.3: Refined mesh of ΩC used for the pre-computations.
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Figure 5.4: L2-error with respect to the number of cells in each direction for a mode
I homogeneous crack problem with enriched P1 elements (logarithmic scales).
C++ finite element library GETFEM++ ([RPem]).
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Figure 5.5: H1-error with respect to the number of cells in each direction for a mode
I homogeneous crack problem with enriched P1 elements (logarithmic scales).
Let us consider the cracked domain
Ω =]− 0.5; 0.5[×]− 0.5; 0.5[\ΓC ,
where ΓC denotes the crack which reads as
ΓC = [−0.5; 0]× {0}.
A P1 finite element method is prescribed on a structured mesh of Ω. Figure 5.3 shows
the refined mesh of ΩC used for the pre-computations. An adapted refinement pro-
cedure is performed using a posteriori error estimates on the normal derivative of
the displacement field through the element edges. This adapted refinement is used
in order to reduce the cost of the pre-computations. The pre-computed function
w1 (resp. w2) is the classical finite element solution of an opening mode (resp. a
shear mode) problem defined on ΩC . For the RB-XFEM computations, the cut-off
function used to localize the enrichment is defined such that r0 = 0.01 and r1 = 0.3
(see Definition (5.2))
Let us consider a behavior governed by the isotropic homogeneous elastic consti-
tutive equations. In the first test, we prescribe the exact mode I solution as Dirichlet
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Figure 5.6: Condition number of the stiffness matrix with respect to the number of
cells in each direction for a homogeneous crack.
condition on the boundary of Ω. Furthermore, another numerical test is performed
with mixed modes problem. The exact solution used as Dirichlet boundary condi-
tion is a linear combination of the mode I, the mode II and a given regular solution
on the non-cracked domain. Figure 5.7 is a representation of the Von Mises stress
on the resulting deformed mesh for the mixed modes problem.
Figures 5.4 and 5.5 (respectively Figures 5.8 and 5.9) show the convergence curves
of the L2-norm and the H1-norm obtained with the mode I problem (respectively the
mixed modes problem) for the classical finite element method, XFEM with surface
enrichment (Chapter 1) and the RB-XFEM. As expected, the error level of XFEM
is better than the RB-XFEM since in the latter, the space is enriched by approxi-
mations of the singularity instead of the exact singular functions. In the same time,
the RB-XFEM reduces significantly the error of the classical finite element method.
It shows also a convergence rate very close to the optimal one. Let us note that the
lack of convergence can be due to the refinement of the domain ΩC . More refinement
may be needed far from the crack tip.
Furthermore, the RB-XFEM is introduced via a cut-off function which reduces
significantly the number of additional singular enrichment functions (Chapter 2).
120 CHAPTER 5. RB-XFEM
Therefore, the condition number of the associated linear system is ameliorated with
respect to XFEM (see Figure 5.6 for the mode I problem) since the number of linear
dependencies between the singular functions is decreased.
Finally, the last numerical experiment is relative to a bi-material interface crack.
Non-homogeneous Neumann conditions are prescribed on the boundary. The com-
parison is done with respect to a refined classical finite element solution. Figure
5.10 shows the variation of the Von Mises stress on the deformed structure obtained
with RB-XFEM. Figures 5.11 and 5.12 show a comparison between the convergence
rates of the classical finite element method, the Spider XFEM (Chapter 4) and the
RB-XFEM. The Spider XFEM gives the lower error values since a part of the exact
singularity is present in the approximation space. Meanwhile, the RB-XFEM error
level is only 3% higher while showing an optimal convergence rate.
The great advantage of RB-XFEM in these experiments is that the optimal
performance is obtained without requiring any knowledge on the exact singular
displacement field. Moreover, for complex problems, such as bi-material interface
cracks, the RB-XFEM computational cost is very close to the classical finite element
method one since it adds only two vector enrichment functions. The classical XFEM
is very expensive for a similar case, since one will have sixteen independent singular
function to use as singular enrichment at every node of the enrichment are [SHPS04].
Concluding remarks
The RB-XFEM offers an interesting framework for modeling complex or even un-
known crack singularities. This is the case, for example, of large deformation prob-
lems and three-dimensional cracks. The first numerical results are very promising.
A better approximation than classical finite element method and an optimal con-
vergence rate are obtained with a reduced computational cost and without any a
priori required knowledge on the singularity at the crack tip. Therefore, when the
singularity is unknown, the RB-XFEM is a good alternative since the use of the clas-
sical XFEM becomes impossible in such cases. Moreover, the study in the present
chapter is limited to the RB-XFEM with a cut-off function, but the approach can
be extended to the RB-XFEM with integral matching, which is supposed to give
better numerical results (see Chapter 3).
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An interesting perspective to this work is the adaptation to large deformations
problems and three-dimensional cracks. In this cases, it will be necessary to have a
greater number of enrichement functions.
Note that the reduced basis strategy used in the method we propose is limited
to the crack tip enrichment, unlike a more conventional use of the reduced basis
strategy presented in [HP07].
Figure 5.7: Von Mises stress using P1 elements for mixed modes homogeneous crack
problem.
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Figure 5.8: L2-error with respect to the number of cells in each direction for mixed
modes homogeneous crack problem with enriched P1 elements (logarithmic scales).
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Figure 5.9: H1-error with respect to the number of cells in each direction for mixed
modes homogeneous crack problem with enriched P1 elements (logarithmic scales).
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Figure 5.10: Von Mises stress using P1 elements for a bi-material interface crack
problem.
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Figure 5.11: L2-error with respect to the number of cells in each direction for a
bi-material interface crack problem with enriched P1 elements (logarithmic scales).
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Figure 5.12: H1-error with respect to the number of cells in each direction for a
bi-material interface crack problem with enriched P1 elements (logarithmic scales).
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Figure 5.13: Condition number of the stiffness matrix with respect to the number of
cells in each direction for a bi-material interface crack.
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134 NOTATIONS
Notations
ε(u) The strain tensor
σ The stress tensor
Ω The cracked domain
Ω The non-cracked domain
ΓC The crack
r and θ The polar coordinates respectively to the crack tip
λ and µ Lamé coefficients
ν Poisson ratio
E Young modulus
Ls(Ω) Ls(Ω,R2), s ∈ R
Hs(Ω) Hs(Ω,R2), s ∈ R
Ws,∞(Ω) W s,∞(Ω,R2), s ∈ R
‖.‖0,Ω The norm in L2(Ω)
‖.‖1,Ω The norm in H1(Ω)
C A generic constant independent of the mesh parameter that
might be different at each occurence
uI , uII Fracture mode I, mode II solution
KI , KII Stress intensity factors
h The mesh parameter
T h Triangulation of Ω
Pk(K) The set of polynomials of degree k in one or two variables with
respect to each variable on the finite element K
H(x) Heaviside function used for discontinuous enrichment
Fj(r, θ) j=1,..4 Singular enrichment functions
I The set of node indices of Th
IH The set of node indices of Th whose the corresponding shape
function support is totally cut by the crack
IF The set of node indices of Th whose corresponding shape
function support contain the crack tip
135
I(R) The set of degrees of freedom containing in the ball B(x∗, R)
(ϕi)i∈I , (I = {1, .., N}) The classical finite element method scalar shape functions
χ The cut-off function
I The classical finite element method interpolation operator
Ih XFEM interpolation operator
< ., . >V ′1 ,V1 The duality product between V ′1 and V1
136 APPENDIX
Appendix
• Green's integration formula for elasticity (see [DL72])
Let v ∈ H1(Ω) and w ∈ L2(Ω) such that div w ∈ L2(Ω) and w symmetric,
then ∫
Ω
ε(v) : w dx = −
∫
Ω
v · div w dx+
∫
∂Ω
v · wn dΓ.
• Korn Inequality (see [DL72])
For v ∈ H1(Ω), the following norms
‖v‖21,Ω = |v|20,Ω + |∇v|20,Ω
‖v‖2 = |v|20,Ω + ‖ε(v)‖0,Ω.
are equivalent in H1(Ω).
• Petree-Tartar Lemma (see [EG02])
Let X, Y and Z be three Banach spaces. Let A ∈ L(X,Y ) be an injective
operator and T ∈ L(X,Z) a compact operator. If there exists a constant c > 0
such that c‖x‖X ≤ ‖Ax‖Y +‖Tx‖Z, then R(A) is closed, otherwise, there exists
α > 0 such that
∀x ∈ X, α‖x‖X ≤ ‖Ax‖Y .

